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Chapter 5 : Bracketing Methods

e 5.1: Graphical Method

% Find theroot of equation f(x) = x3—-2x-5 =0

= f(0)=0—-5=—5 S>f1)=1-2-5=-6

=>f(2)=8—-4-5=-1 =>f(3)=27-6—-5=16 ~ the root lies between (2,3)

20 f(2.1) 0.061

) f(2.2) 1.248

5 / £(2.3) 2.567

10 f(2.4) 4.024

/ £(2.5) 5.628

5 f(2.6) 7.376

/ f(2.7) 9.283

0 v | £(2.8) 11.352

5 ! 2 3 4 £(2.9) 13.589
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e 5.2: Bisection Method

f(b) a+b

l,. ~I a = the negitive number =X = 2

La bJ b = the positive number S €, = Xrne‘; n_ew e x 100
f(a) r

P 3 ways to stop iteration :

1- Resultof functionaorb = zero

2- Two X's should equal to each other

3- Error =zero or <10 % ( depend on question )

% Find theroot of equation f(x) = x3—-2x—5 =0
= f(0) = 0 — 5 = negtive = f(1) =1-2—5 = negtive
= f(2) =8 —-4 —5 = negtive = f(3) =27 — 6 — 5 = positive

~a=2 and b=3

= 15 iteration: X, = % =25 = f(2.5) = (2.5)3 — 2(2.5) — 5 = 5.625
> 2" iteration: a=2 and b=25 =X, =2""=225 = f(2.25)=1891
2.25-2.5
> €, = [ x 100 = 11.111%
. , 242.25
= 3"%iteration: a=2 and b=225 =X3= — = 2.125
= f(2.125) = 0346 = &, = |%| x 100 = 5.882%
. _ 2 +2.125
= 4" iteration: a=2 and b=2125 =X, = — = 2.0625
> f(2.063) = —0.346 = £, = |*2-2%| x 100 = 3.005%
. _ 2.063 + 2.125
= 5" iteration: a=2.063 and b =2.125 = X;= — = 2.094
= £(2.094) = —0.006 = &, = |%| x 100 = 1.480 %
. , 2.094 + 2.125
= 6 iteration: a =2.094 and b =2.125 =X, = — = 2.110
= £(2.110) = 0174 = &, = |%| x 100 = 0.758 %
- _ 2.094 + 2.110
= 7" iteration: a =2.094 and b =2.110 =X, = — = 2.102
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> f(2102) =0.083 = g, = [

| x 100 = 0.381 %

2.102
S 2.094 +2.102
= 8" iteration: a =2.094 and b =2.102 = Xg= — = 2.098
= £(2.098) = 0.039 = &, = |%| x 100 = 0.191 %
g 2.094 + 2.098
= 9" iteration: a =2.094 and b = 2.098 = X; = — = 2.096
= £(2.096) = 0.174 = &, = |%| x 100 = 0.095 %
52 Page139: f(x) = 4x3 —6x*>+7x—2.3
= f(0) = 0 — 2.3 = negtive = f(1) =4—-6+7— 2.3 = positive
~ root lies between [ 0,1]
Iteration a b X ew f(x,) X0 &,
1 0 1 0.5 02 | |
2 0 0.5 0.25 -0.868 0.5 100 %
3 0.25 0.5 0.375 -0.308 0.25 33.333 %
4 0.375 0.5 0.438 -0.049 0.375 14.385 %
5 0.438 0.5 0.469 0.076 0.438 6.610 %
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e 5.3: False-Position Method or Rugula Falsi or Linear Interpolation Method :

af(h) - bf(@
5 =T - f@

% Find theroot of equation f(x) = xtanx+1in[2.5,3]

= f(2.5) = 2.5tan(2.5) + 1 = —0.868 = f(3) =3tan(3) + 1 = 0.572

~a=25,f(25) = —0.868 and b=3,f(3) = 0.572

_25(0.572) - 3(—0.868)

= 15t iteration: X, = = 2.801
teratton = &4 0572 + 0.868

= 2™ jteration: a=2.5,f(2.5) = —0.868 and b = 2.801,£(2.801) = 0.007

_25(0.007)-2.801(-0.868) __
0.007+0.868

2.799

X5

2.799-2.801
- g, = [

2.799

| x 100 = 0.071%

= 3" jteration: a =25 ,f(2.5) = —0.868 and b =2.799 ,£(2.799) = 0.002

_ 2.5(0.002)-2.799 (-0.868) _
0.002+0.868

2.798— 2.799
2.798

X, 2798 = & = | | % 100 = 0.036%

= 4th jteration: a=2.798 ,f(2.798) = —0.001 and b = 2.799 , £(2.799) = 0.002

_2.798(0.002) - 2.799 (~0.001)
- 0.002+0.001

X, =2.798

» X4 = X3 we stop iteration

511 Page139: f(x) = x3°-80

= f(2) = 235 - 80 = —68.686

= f(5) = 535 - 80 = 199.508

Iteration a f(a) b f(b) Xew f(x,) X0l &

1 2 -68.686 5 199.508 2.768 -44.716 | - | meeee-

2 2.768 | -44.716 5 199.508 3.177 -22.844 2.768 | 12.874 %
3 3.177 | -22.844 5 199.508 3.364 -10.177 3.177 5.559 %
4 3.364|-10.177 5 199.508 3.443 -4.268 3.364 2.295 %
5 3.443 | -4.268 5 199.508 3.476 -1.728 3.443 0.949 %
6 3.476 | -1.728 5 199.508 3.489 -0.660 3.476 0.373 %
7 3.489 | -0.660 5 199.508 3.494 -0.270 3.489 0.143 %
8 3.494 | -0.270 5 199.508 3.496 -0.106 3.494 0.057 %
9 3.496 | -0.106 5 199.508 3.497 -0.045 3.496 0.029 %
10 3.497 | -0.045 5 199.508 3.497 v X190 = X9 we stop iteration
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Chapter 6 : Open Methods

e 6.1: Simple Fixed Method Iteration Method or Method Successive
Approximation

> X1=¢0X =1¢'X)I<1, [a,b]
% Find theroot of equation f(x) = x3 +x* — 1

=>f(0)=0+0-1=0 =>f(1)=1+1-1=1 -~ rootliesbetween[0,1]

fxX)= x3+x%2-1

(1) = ¥=x2-1 (2] = x2=x%-1 (3) = *(x+1)-1=0
1 1 2 —
= x=(1-x2)3 = x=(1-x%)2 = x(x+1)=1
1
2 _
TS
1
= x=
x+1
, 1 i1 2 x
0: o X)=-10—-x)3 (-2x)=—5———— = we assume x = 0.9
3 3 NE
(1 —x%)3
2 0.9 , . .
=3 = =1.815 >1 sowecan'tuse this equation
(1-0.92)3

® : wecan'tuse this equation because same procedure of last one

-1 -3 -1
©: ¢MN)=->0U+t02 =— = we assume x = 0.9

2(x+1)2

= [———=|=0.191 <1 sowecanuse this equation

2(0.9 + 1)2
= 15 jteration: = X, =05 =X, =——=10.816
0 T Vitos
= 2™ jteration: =X, = _r 0.742
V1+0816
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= 3™ jteration: = X, = = 0.758

1
3T V1t0742

1
= 4t jteration: = X, =——=10.754

v1+0.758

= 5t jteration: = X-= = 0.755

1
> V110754

= 6" iteration: = X;= = (0.755 ©w X5 = X¢ we stop iteration

1
> V1+0755

< Find the root of equation f(x) = 2x — loggox —7 =0 and error <7 %

= f(0) = error = f(1)=2-logp1—-7= -5
= f(2)=4— log;p2—7 = —3.301 = f(3)=6— log;p3—7= —1477
= f(4) =8— log;04—7 = 0.398 =~ root lies between [ 3,4 |

f(x) = 2x— loglox—7=>x=%[log10x+7]

o = lOglox :logex _logloe 9 = _10810x =7 —2x

= log,x =Inx = loggx=2x—-7

d = x = Antilog(2x — 7)
= Ix (logyo x)
1 0.434
= logype = o
1 170.434
0: oX) =E[7+ log,o x] = ¢’ (X) =§[—] = we assume x = 3.9
1 0434 . .

= ‘E X 39 ‘ = 0.056 <1 sowecanuse this equation

® : wecan't use this equation

1
= 15 iteration: = X, =35 =X, = 5[7 + logy03.5] = 3.772
nd ; ; 1
= 2% jteration: =X, = 5[7 + logq,3.772] = 3.788
c 3.788 — 3.772 100 = 0.430%
= &= |———————|x = 0.
a 3.788 ’
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1
= 3" jteration: = X3 = 3 [7 + logy,3.788] = 3.789

. 37893788 0 ozen
= = |——— | x = 0.
a 3.789 0

= 4thjteration: = X, =—[7 + log;,3.789] = 3.789

N =

v X4 = X3 we stop iteration

2

« Find the root of equation f(x) = cosx —x*—x=0

= f(0) =cos0—-0=1 = f(1)=cosl—1—-1= —1 - rootlies between[0,1]

f(x) = cosx —x* —x

0 = cosx =x%*+ x g = cosx =x*+ x
= cosx =x(x+1) = cosx=x(x+1)
o = 05X = x=cos x (x+1)]
(x+1)

0: ¢ ()= Gt 1)(_(5;13?); cosx (1) = we assume x = 0.9

(0.9 4+ 1)(—sin0.9) — cos 0.9 (1)
(0.9 + 1)2

= (0.285 <1 sowe canuse this equation

® : wecan'tuse this equation

Iteration X, X, &,

1 0.5 0585 | e

2 0.585 0.526 11.217 %
3 0.526 0.567 7.231%
4 0.567 0.538 5.390 %
5 0.538 0.558 3.584 %
6 0.558 0.544 2.574 %
7 0.544 0.554 1.805 %
8 0.554 0.547 1.280 %
9 0.547 0.552 0.906 %
10 0.552 0.549 0.546 %
11 0.549 0.551 0.363 %
12 0.551 0.549 0.364 %
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e 6.2: Newton's Raphson Method
_ f(Xn)
= Xpy1 = Xn—m
l _ fX) . . ,
etp(X)=X — = for any iteration methods |¢p' (X) | < 1
f'X)
d . d f(X)
=5 0= 5 (- i5)
"X "(X) — X "mex X "nex
VPPNl Yilco kb (coV o] IOVt
(f'x)) (f'0)

X)X
S POy S o 1< (o)

(fC0)
= Error: E; ;4 = |—;;:,((X;)) t'iz =i=0

% Find theroot of equation f(x) = x3+x—1

=5 f(0)=0+0—1=—1

sf=1+1-1=1

=~ root lies between [ 0,1 ]

n Xn f(x) f'(x) f(x)
------------ X+x—1 3x2+1 6x
0 0.5 -0.375 1.750 3
1 0.714 0.078 2.529 4.284
2 0.683 0.002 2.399 4.098
3 0.682 -0.001 2.395 4.092
. , FXo) —0.375
= 1% iteration: = X; = X, —m = ~ {75 - 0.714
0 .
_ |G 2| _ | 4284 2|
= Eon = |10 % Eeg | = S X 052 = 0212
X 0.078
= 2™ jteration: = X, = X, ]]:’((Xl )) = 0.714 559" 0.683
1 .
_ | frx) 2| _ |_ 4098 2|
> Ep= |-1505 * Eea | = S X 0.212% = 0038
X 0.002
= 3™ jteration: = X;= X, — % 683 — 5o = 0.682
2 .
_ | S (xs) 2| _ | 4092 2|
5 Es= |-L5a3 % Eo?| = |- aises X 0.038%| = 0001
X —0.00
= 4th jteration: = X, = X, _1{'((;)) 0682 — ——o— = 0.682
3 .
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v X4 = X3 we stop iteration

e 6.3: The Secant Method

_ f(Xn )(Xn—l _Xn )
f&Xn-1) = f(Xn)

f(X6)E_1-Xo)
F&_) — F(Ko)

| FDEo-X1)
F®o) — F(X1)

% Find theroot of equation f(x) = —x*+x+0.75

= Xn41 = Xp

>n=0= X, = X,

>n=1=> X2=X1

= f(0)=—-04+0+075=075 = f(1)=—-1+1+0.75=0.75

= f(2)=—-4+2+0.75=-1.25 ~ root lies between [ 1,2 ]
By Newton's Raphson Method : X = X, — 2010 = 1920950 _ 4 ooy
ewton's Raphson Method : =X,—-——= =19- =1.
y P 0 TR ) —238
n Xn f(x) f'(x)
------------ —x*+x+0.75 —2x+1
-1 1.9 -0.960 -2.8
0 1.557 -0.117 -2.114
By Secant Method :
1 1.509 -0.018 -2.018
2 1.5 0 -2
3 1.5 ~ X3 =X, we stop iteration

fXo)(X_1-Xo)
fX_1) = f(Xo)
(=0.117)(1.9 — 1.557)

= 1 - ——5e0ro1r - %

= 15t iteration: = X; = X, —

fX) Ko -X1)
fXo) = f(X1)

(—0.018)(1.557 — 1.509) _
—0.117 + 0.018 B

fX)(X1-X;)
f(X1) = f(X2)

= 2" jteration: = X, = X;—

= 1.509 —

= 3™ jteration: = X;= X, —

_(0)(1.509-15)

—-0.018—-0 L5
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6.2Page171: f(x)= 2x®— 11.7x*+17.7x-5

C) by Newton's Raphson Method : x, = 3

n| X, f(x) f'x) f"(x) E¢iv1
----------- 2x3—11.7x*+17.7x-5 6x% —23.4x +17.7 12x — 23.4 ———
0 3 -3.2 1.5 36 | -
1 | 5.133 48.072 55.674 38.196 1.029
2 | 4270 12.963 27.179 27.840 0.527
3 | 3.793 2.949 15.264 22.116 0.382
4 3.6 0.4 11.22 19.8 0.337
5 | 3.564 0.009 10.515 19.368 0.347
6 | 3.563 -0.002 10.496 19.346 0.320
7 | 3.563 ~ X7 = X4 we stop iteration
D ) by Secant Method : x_; = 3 ,x, = 4 and error < 0.5%
n Xn f(x) Eq
------------ 2x3—11.7x*+17.7x-5 S—
-1 3 A s
0 4 6.6 25%
1 3.327 -1.966 20.228 %
2 3.481 -0.798 4.424 %
3 3.586 0.245 2.928 %
4 3.561 -0.023 0.702 %
5 3.563 -0.002 0.056 %
6.9 Page172: f(x) = 0.95x3 - 5.9x* +10.9x -6
B ) by Newton's Raphson Method : x, = 3.5
n| X fx) f'x) f"(x) E; i+
----------- 0.95x3— 59x2+10.9x—6 | 2.85x2 —11.8x + 109 |57x—11.8 —————-
0 3.5 0.606 4.513 8.150 | = ------
1 | 3.366 0.072 3.472 7.386 13.030
2 | 3.345 0.001 3.318 7.267 185.925
3 | 3.345 ~ X3 =X, we stop iteration
C) by Secant Method : x_; = 2.5 ,x, = 3.5
n Xn f(x) &g
———————————— 0.95x3— 59x2+10.9x—6 S
-1 2.5 -0.781 | e
0 3.5 0.606 28.571 %
1 3.063 -0.667 14.267 %
2 3.292 -0.165 6.956 %
3 3.367 0.076 2.228 %
4 3.343 -0.005 0.718 %
5 3.344 -0.002 0.030 %
6 3.345 0.001 0.030 %
7 3.345 © X7 = X¢ we stop iteration
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e 6.6: The System of non linear equations

>U(M,y)=x>+xy—10=0 >V(x,y)=y+3xy?=57=0

= by fixed point iteration :

>x=U(y)=x>+xy—10=0 = xy =10 —x?
o= 10—x? N _10-x,°
== n+1 =

>y=V(xy)=y+3xy?—=57=0 =y =57 — 3xy?

_ 10—x?

Y = Yn41 =57 — 3xnyn2

=X

:>x0:1.5 $y0:35

_10-xp% _ 10-152

= 15 iteration: = xy., = =2.214
Yo 3.5

= Yor1 = 57 — 32102 = 57 — 3(2.214)(3.5)% = —24.365

10-x,%2 _ 10-2.2142
yi  —24.365

= —-0.209

= 2™ jteration: = x, =

=y, = 57 — 3x,y,2 = 57 — 3(—0.209)(—24.365)% = 429.221

10-x,2 _ 10—(—0.209)?
y, 429221

= 0.023

= 3" jteration: = x; =

= y3 =57 — 3x3y,2 = 57 — 3(0.023)(429.221)? = —12654.916

= by Newton Raphson :

av; au; . :

T TN T U av, _au0v, T Y T T au v, 9U; 0V

dx dy dy Ox dx dy Jdy Ox
>UMy)=x>+xy—10=0 =>V(x,y)=y+3xy?=57=0

:‘aUO‘_Z +y=2(15)+35=65 =>6U0— =15
ax | =X Ty =alL 5 =6. ay_x_'
aVO 2 5 aVO
= |5 = 3xv? = 33512 = 3675 = |W =1+ 6xy = 1+6(15)(3.5) = 32.5
S up=(15)2+1535)—10=-25  =v,=35+3(15)(3.5%— 57 = 1.625
(?Ul (?Vl aUl aVl
= —————————=65(325) — 1.5 (36.75) = 156.125
dx dy dy dy
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(—2.5)(32.5) — (1.625)(1.5)
L =15-— = 2.036
= Xit1 156.125

o (1625)(65) — (-2.5)(36.75)

156.125 = 2844

= Yit1 = 3.
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Chapter 21 : Newton-Cotes Integration Formulas

e 21.1: Trapezoidal Rule

X0+nh h
= f(x)dx = >

Xo

[(o+Y)+2(+ Y+ ... + Y1)

= n = number of interval = h = size of interval

5.2 1
< Find the root of equation f(x) = f ;dx
4
= [Inx]3? =1In5.2 —In4 = 0.262 " this solve called exaxt or normal rule"

=2>Xo+nh=52 =Xy=4 =4+nh=52 =nh=12

1.2

=>leth=02 ~n=—==6
0.2
X 4 4.2 4.4 4.6 4.8 5 5.2
f(x) 0.25 0.238 0.227 0.217 0.208 0.2 0.192
Y, Y v s Y, s Ve

Y

521 0.2

= f ;dx =— [(0.25 + 0.192) + 2(0.238 + 0.227 + 0.217 + 0.208 + 0.2)] = 0.262
4

= Error = Exact — Calculated = 0.262 — 0.262 =0

« Find theroot of equation f(x) = (sinx —Inx + e*) dx

0.2
= [—cosx — (xInx — x) + e*]1*

= [—cos1.4 — (1.4In1.4 — 1.4) + e**] — [-c050.2 — (0.2[n0.2 — 0.2) + €%?] = 4.051

=>Xo+nh=14 =X,=02 =02+nh=14 =nh=12

1.2

=>leth=02 ~n=—=6
0.2
X 0.2 0.4 0.6 0.8 1 1.2 1.4
f(x) 3.030 2.798 2.898 3.166 3.560 4.070 4.704
Y Yo Y Y, Y3 Yy Y5 Yh=6

0.2
= —-[(3.030 +4.704) + 2(2.798 + 2.898 + 3.166 + 3.560 + 4.070)] = 4.072

= Error = Exact — Calculated = 4.051 — 4.072 = 0.021
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e 21.2:Simpson's Rule

1 Xo+nh h
) JRule: [ f()dx =3 [(Yo+Y,) +4(Y1 + Y3+ Youa) +2(Y2 + Y4 + Voren)]

= Intervales should be even number n = even

2) - Rule: f;)”"hf(x)dx =0+ V) + 30 + Y, + Yy + Vs + Y, 4 +

2(Y3 + Y6 + Yg + Y12 + )]
= Intervales should be multiple of 3 n =% 3
5.2 1
« Find the root of equation f(x) = f ;dx
4

=[Inx]3? =In52 —In4=0.262 >leth=02 =>n=6

X 4 4.2 4.4 4.6 4.8 5 5.2
f(x) 0.25 0.238 0.227 0.217 0.208 0.2 0.192
Y Yo 141 Y Y3 Yy Y Yi=s
521 0.2
= f —dx =—-[(0.25+0.192) + 4(0238 + 0.217 + 0.2) + 2(0.227 + 0.208)] = 0.262
4
521 3x0.2
= f ;dx =—3 [(0.25 4+ 0.192) + 2(0.217) + 3(0.238 + 0.227 + 0.208 + 0.2)] = 0.262
4
14
% Find theroot of equation f(x) = (sinx — Inx + e*) dx
0.2

= [—cosx — (xInx — x) + e*]3* = 4.051

=2>Xo+nh=14 =X,=02 =02+nh=14 =nh=12

= leth=0.2 n=—==6
0.2
X 0.2 0.4 0.6 0.8 1 1.2 1.4
f(x) 3.030 2.798 2.898 3.166 3.560 4.070 4.704
Y Yo Y Y, Y3 Yy Y5 Yh=6

0.2
= —-[(3.030 + 4.704) + 4(2.798 + 3.166 + 4.070) + 2(2.898 + 3.560)] = 4.052

= Error = Exact — Calculated = 4.051 — 4.052 = 0.001

3%0.2
=—5—[(3.030 + 4.704) + 2(3.166) + 3(2.798 + 2.898 + 3.560 + 4.070)] = 4.053

= Error = Exact — Calculated = 4.051 — 4.053 = 0.002
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e 21.3: Integration With Un Equal Segments

fl@) +£(b)
2

=>I=((Mb-a)

2113 Page 628: f(x) = 275

X 0 0.05 0.15 0.25 0.35 0.475 0.6
f(x) 2 1.8555 | 1.5970 | 1.3746 | 1.1831 | 0.9808 | 0.8131
Y Yo Y Y, Y3 Yy Y5 Yn=6
A) by Analyticalmean:a =0 ,b = 0.6
= 1= (b — o)X = (0,05 - 0) 2155 4 (0.25 - 0.15) 2T 4 (0.475 —
0.35) 21831409808 4 (.6 — 0.475) 22898+0813L _ 5 492

0.6
=>f 2 e 5%y =2[
0

-15

—-1.5x

0.6
] =0.791
0

= Error = Exact — Calculated = 0.791 — 0.492 = 0.299

4
« Find theroot of equation f(x) = f (1 _ e—Zx)dx
0

A ) Consider equal interval problem using trapezoidal rule with 8 intervals :a =0 ,b = 0.6

>Xo+nh=4 =X;=0 =>nh=4 =>n=8 -~h=-=05
X 0 0.5 1 1.5 2 2.5 3.5 4
f(x) 0 0.632 0.865 0.950 0.982 0.993 0.998 0.999 1
Y Y, Y, Y, Ys Y, Ys Y, Ye
4
= f (1- e ?*)dx
0
0.5
= 7 [(0+1)+2(0.632 + 0.865 + 0.95 + 0.982 + 0.993 + 0.998 + 0.999)] = 3.460
B ) Consider un equal interval problem : x = 0,0.1,0.5,1.2,1.4,2,2.8,2.9,3.2,3.8,4
X 0 0.1 0.5 1.2 1.4 2 2.8 29 3.2 3.8 4
f(x) 0 | 0.181] 0.632| 0.909| 0.939| 0982 | 0.996| 0.997 | 0.998| 0.999 1
Y Yo | ¥ Y, Ys Y, Ys Ye Y, Ye Yo Yy0
a)+ f(b
@B
2
0+ 0.181 0.632 + 0.909 0.939 + 0.982
=(01-0)———+12-085)————+(14-)————
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0.996 + 0.997 0.998 + 0.999

+(2.9—2.8) . +(38-132) :

C ) Check your answer by exact value :

4 e—Zx 4
= f (1- e ?)dx = [x - ] =35
0 -2 0

= Error for A = Exact — Calculated = 3.5 — 3.460 = 0.04

= Error for B = Exact — Calculated = 3.5 — 2.023 = 1.297
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< Find the root of equation f(x) = f xdx

Chapter 22 : Integration of Equations

22.1: Newton's Cotes Algorithms of Equations

a+b)

b
=>faf(x)dx=(b—a)f( i

2

1

2+1

> [t = -0 (B =17 (3) = 15

1

« Find the root of equation f(x) = f e dx

0

1
= f e *dx = 0.779
0

> fole‘xzdx = (1-0)f (1%0) =1 xf(%) =0.779
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e 22.2:Romberg Integration

= 15 jteration: =1, =1,+ [%] >n=2

i ; I
= 2™ jteration: = I, = I; + [33 2

] >n=4

= 3" jteration: =1, =1, + [%] >n=28

Is—1y
3

= 4th jteration : :>Id=15+[ ] >n=16

1

< Find th t ti = d
in eroot of equation f(x) -[0 T+
=[log(1 +x)]§ or [In(1+x)]§ =0.693
SXo+nh=1 =X =0 =nh=1 =n=2 2h=2=05
X 0 0.5 1 .
f(x) 1 0.667 05 by trapazoidal rule
Y Y, Y, Y,
:>1—f1 d —0'5[(1+05)+2(0667)]—0709
1T T T2 ' 007)1=0.
SXo+nh=1 =X =0 =nh=1 =n=4 :2h=5;=025
X 0 0.25 0.5 0.75 1
fx) 1 0.8 0.667 | 0.571 0.5
Y Y, Y, Y, Ys Y,
L | 0.25
> I, = f dx =——[(1+0.5) +2(0.8+ 0.667 + 0.571)] = 0.697
o 1+x 2

= 15t jteration: =1, = 0.697 + [

0.697-0.709
3

] — 0.693

= Error = Exact — Calculated = 0.693 — 0.693 =0

1

=>Xo+nh=1 =2X,=0 >nh=1 =n=8 -'-h=§=0.125
X 0 0125| 025 | 0.375 0.5 0.625| 0.75 | 0.875 1
f(x) 1 0.889 0.8 0.727 | 0.667 | 0.615| 0.571 | 0.533 0.5
Y Yo Y Y, Ya Y, Ys Yo Y, Ys
1
1
= I3 = d
3 fo T+
0.125

=—5—[(1+05) +2(0.889 + 0.8+ 0.727 + 0.667 + 0.615 + 0.571 + 0.533)] = 0.694

0.694—0.697

= 2" jteration: =1, = 0.694 + [ .

] = 0.693
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= Error = Exact — Calculated = 0.693 — 0.693 =0

v I, =1, we stop iteration

2
< Find the root of equation f(x) = f Vx dx
0

by trapazoidal rule

312
2 x§
= f x%5dx =|5| =1.886
0 3
2 1y
>Xo+nh=2 =2X,=0 >nh=2 =n=2 -~h=1
X 0 1 2
f(x) 0 1 1.414
Y Yy Y; Y,
2 1
=1 = f x%5 dx = E[(O +1.414) 4+ 2(1)] = 1.707
0
>Xg+nh=2 =2X,=0 >nh=2 =n=4 ~h==
X 0 0.5 1 1.5 2
f(x) 0 0.707 1 1.225 1.414
Y Yo Y Y, Y3 Yy

2 0.5
> I, = j x0% dx = —=[(0 + 1.414) +2(0.707 + 1 + 1.225)] = 1.820
0

= 1 iteration : = I, = 1820 + [*"| = 1.858

= Error = Exact — Calculated = 1.886 — 1.858 = 0.028

>nh=2 =>n=28 -'-h=§=0.25
X 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2
f(x) 0 0.5 0.707 | 0.866 1 1.118 | 1.225 | 1.323| 1.414
Y Yo Y; Y, Ys Y, Ye Yo Y, Ys

2
= I, =f x> dx
0

25
=——[(0 +1.414) + 2(0.5 + 0.707 + 0.866 + 1 + 1.118 + 1.225 + 1.323)] = 1.862

= 2" jteration: = I, = 1.862 + [@] = 1.876

= Error = Exact — Calculated = 1.886 — 1.876 = 0.01
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e 22.4:Gauss Quadrature

b
= [ foodx = GG + Cof @)

b—a b—a -1 b+a b—al1l b+a
= = = — = = —|— —_ = = —|— —
G1=0 2 *1 2 [\/5] T X2 2 [\/E] T

2
« Find the root of equation f(x) = f xdx

1
_[xT 4 1 3
2|, 272 2

b-a 2-1 1
>C.i=Cr=—=—==
1 2 2 2 2

2 1 1 1 1
f xdx = Ef(1.211) +§f(1.789) =5 x 1.211 +Z x 1.789 = 1.5
1

= Error = Exact — Calculated =15—-15=0

. . N ) - fSOZOOOl 140000 ] 9 8xd
e Fin eroot of equation f(x) = \ n 140000 — 2100x -0x ax
30
= f(x)dx =11061.335
8
ﬁC]_:CZ:b;_a:?:ll
b—a[-1 b+a -1 30+8
> % —T[ﬁ] +2e 11[ﬁ] + 20 = 12649

b—a b+a 30+8

1 1
= Xy = 2 [\/_§] +T= 11 [\/—§] +T = 25.351
30
f(x)dx =11f(12.649) + 11f(25.351) = 11 x 296.828 + 11 x 708.487 = 11058.465
8
= Error = Exact — Calculated = 11061.335 — 11058.465 = 2.870

22.3Page 651: f(x) = [ZS5% gy

1+x2
2 e*Xsinx
:>f ~ dx =0.033
1 1+x
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| S
N
|
=
[

=0 =0=0=0=1205
=H+ 5 =35+ 5 =1
=>x2__[ |+ 22 =2 5|+ 5= 1789

2
f FO)dx =05x f(1.211) + 0.5 X £(1.789) = 0.5 x 0.026 + 0.5 X 0.04 = 0.033
1

= Error = Exact — Calculated = 0.033 —0.033 =0
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Chapter 18 : Interpolation and Extrapolation

e 18.1: Newton's Divided Differences Interpolating Polynomials
e Un equal intervals
= f(x) = yo + (x = x0)f (x0, x1) + (x = 20) (x — x1) f (%0, %1, x2) + (x — x0) (x — x1)
(x = x3) f (xg, X1, X2, X3) + -+
= f(x) = yo + (x — x0) Af (o) + (¥ — x0) (x — x1)A%f (x0) + (x — x0) (x — x7)
(x = x2)A3f () + -+
_ f(x1) — f(x0)
= f(x0,%1) = T
(1, x2) — f (%0, %1) (x2) — f(x1)
:>f(x0,x1,x2)=f ! ;z_io m :f(xpxz):%
_ f (1, %2, %3) — f (%0, %1, x3)
= f(x0, %1, X2, %3) =
X3 — Xg
(x2,x3) — f (%1, %2) (x3) — [ (x2)
=>f(x1,x2,x3)=f - ;3_; n =>f(x2,x3)=%
< For the givendata find ywhenx =47?
X x0:0 x1:2 x2:3 X3:5 x4:7
f(x) 1 19 20 25 30
Y fx) =Y | fx)=Y, fx) =Y, fx3) =Y; fxa) =Y,
solution :
X | f)=y Af(x) A f(x) 5A3f (x) A*f(x)
19-1 1-9 0.5+2.667
0 1 ——=9 T = —2.667 =
2 19 20719 _ 0.633 -0.1-0.633
3 20 372 2571 _o.5 =0
5 25 25-20 _, ¢ 5-2 0-05 _ 01 —0.105
3035 : 2.5-25 7 .
o s =25 | =0

Sf)=1+A—-0)X9+(4—0)(4—2) x (—2.667) + (4 — 0)(4 — 2)(4 — 3) x 0.633
+(4—-0)(4—2)(4—-3)(4-5) % (—0.105) = 21.568

< For the given data find the polynomial and findy at x = 3?

X x0=0 x1=1 x2=2 x3=5
f(x) 2 3 12 147
Y fxo) =Y fx)) =Y f) =Y, fx3) =Y
solution :
X &)=y Af(x) A*f(x) A f(x)
0 2 3-2 _ 9-1 _
1-0 1 2-0 4 9—4
1 3 12-3 _ o1
2 12 2-1 B9 _g
5 147 147-12 _ 5-1
= 45

SfX)=2+x-0)x1+x-0)Cx-1Dx4+x-0)x-1Dx-2)x1
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=2+x+4(x%2—x)+xP-3x2+2x) = a3 +x? —x+2

= f(x)=f3)=3%+32-3+42=274+49-3+2=35

¢ For the data Yy =-12,Y,=0,Y3=6,Y, =12 ,FindY,?andyatx =27

solution :
X f&x)=y Af(x) A’ f(x) A f(x)
0 -12 0+12 3-12 _
1-0 12 3-0 3 143
1 0 60 _ 4 o1
3 6 31 63 _ 4
4 12 126 _ -
4-3 6

S f)=—12+x-0)x12+x—-0)x—-1DXx(3)N)+x-0)x-DHxx-3)x1

=—12+12x+ (-3)(x? —x) + (x3 — 4x% + 3x) = x> — 7x* + 18x — 12

> f(x)=f2)=22-7(12)2+18(2)—-12=8-28+36—-12=4

x2

K72
¢

f®) =17 x=0,12,3 find the polynomial ?

solution :
X f&x)=y Af (x) A*f(x) Af(x)
0 0 0.5-0 = 0.5 0.3—-0.5 =—-01
1-0 2-0 —-0.1+0.1 _
1 0.5 0.8-05 _ 0.3 o = 0
2 08 2-1 01-03 _ 54
3 0.9 05-08 3t '
= 0.1

> fX)=04+(x—-0)%xX05+(x—-0)Cx—-1DX(-01D)+x—-0)(x—-1)x—-2)%x0

=0+05x+ (—0.)(x*—x)+0= —0.1x> + 0.6x
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e 18.2: Lagrange Interpolating Polynomials
(= x)(x = x5) . (x — X) (x = %) (x = x3) oo (x — Xxp)
G0 — 2o — ) - o — %) | [Gr1 = %0) ey — %) - Gy — )|
(x — xp2)(x — Xp—1) . (X — Xp41)
(xn - xn—z)(xn - xn—l) (xn - xn+1) "
< For the given data find the polynomial then findy at x = 3?

=>y=fx)=

X X =0 x1=1 X =4 x3=05
f(x) 4 3 24 39
Y fx) =Y | f(x)=Y fx) =Y, fx3) =VY;
solution :
| Ge=x) (e = x0) (x — x3) (x — x0) (x — x3) (x — x3)
B (xo — x1) (%0 — x2) (% — x3) 0 (1 = x0) (g — x2) (%1 — x3) !
(x — x0) (x — x1) (x — x3) (x — x0) (x — x1) (x — x2)

(22 — x0) (22 — x1) (X2 — x3) Y2 (x3 — x0) (3 — x1) (x5 — x2) Y3

|G =D& -9 -5) (x-0)x -4 -5) (x—0)(x - D(x—5)

Y=lo-Do-o0-5) A-0)1-4{1-5) G-0Gd-na—-5|**
(x—0)(x—1(x—4)
G-0G-DG-4
4 3 24
Sy =(—1)(x—4)(x—5) [_—20] +(x—0)(x — 4)(x — 5) [ﬁ] +(x—0)(x —1)(x — 5) [_—12]

= 0)(x— D (x —4) [%]

4 3 24
=y = [x3 — 10x% + 29x — 20] [_—20] + [x3 — 9x? + 20x] [E] + [x3 — 6x?% + 5x] [_—12]

39
3 _ 2
+[x® — 5x° + 4x] [—2 0]

[—x3 , 29 x3  9x? s 5
S>y= ?+2x —?+4]+[Z—T+5x]+[—2x +12x —10x]+[
sy=f(x)=2x*-3x+4

[(3-1)3—-4)(3-5) 4t [(3 —-0)(3—-4)(3-5) 34+ [(3 -0B-1)(3-5) ] ”
| (0—-1)(0—-4)(0-15) 1-001-4)(1-5) 4-0@l-14-5)
B-0B-1D)B-4
G-06-1DG-4

39x3 39x? N 39x
20 4 5

S>y=

39=13
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e 18.4 : Inverse Interpolation

=y =y2) .y — )

=) —y2) - (= ¥)

G0 = 9000 —¥2) 0o — ) T |01 —¥0) 01 — ¥2) - 1 —
V= Vn-2)V = ¥n-1) - (Y = Yn41)
On = Y)On — Yn-1) - On — Ynt1)
% For the givendata find xaty = 1007
X Xo=3 x1=5 X =17 x3=9 x4 =11
f(x) 6 24 58 108 174
Y f)=Yy| fx)=Y fx) =Y, fx3) =VY; fxa) =Y,
solution :
oy = [ =-y)@-y2)y-y3) Yy—ya) =y0) v=y2) y=y3) y—y4) ]
o=y1) Wo—y2) Wo—y3)(Vo—Va) 1=Y0) 1—y2) V1 —-¥3) (V1—V4)

[ =y =y Y—y3) (y—y4)
V2=Y0) V2=¥1) V2=y3) (¥2—V4)

:>x:[

(100-24)(100-58)(100—-108)(100-174)

(6—24)(6—58)(6—108)(6—174)

[3+]

=) y=y1) =y2) y—y4) ]

V3=y0) ¥3-¥1) (V3=-y2) (¥3—V4)
(100-6)(100—-58)(100—108)(100—174)

=y0) —y) -y2) y-y3)

Va=Y0) Va—y1) Va—y3)Va—y3)

+ [(100—6)(100—24)(100—108)(100—174)]
(58-6)(58—24)(58—108)(58—174)

n [(100—6)(100—24)(100—58)(100—108)
(174—6)(174—24)(174—58)(174—108)

]11 — 8.656

(24—6)(24—58)(24—108)(24—174)
(100—6)(100—24)(100—-58)(100—174)
(108—6)(108—24)(108—58)(108—174)

< For the givendata find the polynomial then findxaty =57

X x0:1 x1:3 x2:6 X3:8
f(x) 18 10 -18 90
Y fxp) =Y fxp))=Y fp) =Y, fx3) =Y
solution :
o x = [ -y)@-y2)y-ys) [ =v0) ¥—y2) y-y3)
o=y Vo—¥2) Vo—¥3) @1=Y0) V1—Y2)¥1—-y3)

[ Y=v0)y=y1) y—y3)

V2=Y0) V2=y1) V2—y3)
=X = [

[ =y0) —y1)y—y2) ]
r3=Y0)(v3=y1) (¥3—y2)

+ [ (y—18)(y—10)(y-90)
(-18-18)(-18-10)(-18-90)

> x=(y—10)(y + 18)(y — 90) [
+(y = 18)(y = 10)(y — 90) [
= x = [y — 82y% — 900y + 16200] [
+[y? — 118y + 2700y — 16200] [
= x = —0.006y? — 0.759y + 6.597
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(y—10)(y+18)(y—90) [ (y—18)(y+18)(y—90)

(18—10)(18+18)(18-90) (10-18)(10+18)(10—-90)

[ (y—18)(y—10)(y+18)
(90— 18)(90 10)(90+18)

108864

20736

20736
|+ [y® - 10y2 — 324y + 3240] |

108864

|8
|+ -18)+18)(y —90) |
|+ -186-100+18) |

622080
] [y3 — 90y? — 324y + 29160] [

17920]

17920]

622080]
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Chapter 17 : Least-Square Regression

e 17.1: Linear Regression

= Fitting a line equation =y = ag + a,x

nY Xy — XX LY o=
nYx?— (2x)? Y=
$=) e =

3(11:

= Sum of Squares =

Z}’i

i=1 i=1
— Sr
= Standerd derivation = Sy =
X n—2
% For the givendata find
X Y a) Fitalinear Regression line .
1 10
2 35 b) Error
3 42 ¢) Standard derivation
4 58
solution :
Xi Yi XiYi xiz Yi—ao—ax; | (y;—ag—apx;)?
1 10 10 1 -3.6 12.96
2 35 70 4 6.3 39.69
3 42 126 9 -1.8 3.24
4 58 232 16 -0.9 0.81
Yx; =10 Xy; =145 Y x;v; =438 Y x;2 =30 Y =0 error = 56.7
ny xy — X ;. 4%x438—10x 145
>n=4 =a = Zxon— 24 Xn =15.1
nyx?—Qx)? 4 x 30 — 102
_ Xy 145
= =——=136.2
=y - 2 36.25
x; 10
=X = 2% =—=25
n 4
=>ay=y—a,Xx =3625—-151%x25=-15
= linear equation = y =-1.5+15.1x

[5_ [se7_
> Sy= 5= [ =532
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< For the given data find

x y

0 5 a) Fit a linear Regression line .

2 6 b) Error

4 7 c) Standard derivation

6 6

9 9

11 8

12 7

15 10

17 12

19 12

solution :
X Vi XiVi xl-2 Yi— Qo — A1X; (yi—ag— azx;)?
0 5 0 0 0.144 0.021
2 6 12 4 0.440 0.194
4 7 28 16 0.736 0.542
6 6 36 36 -0.968 0.937
9 9 81 81 0.976 0.953
11 8 88 121 0.728 0.530
12 7 84 144 -2.080 4.326
15 10 150 225 -0.136 0.018
17 12 204 289 1.160 1.346
19 12 228 361 0.456 0.208
Yx; =95 Yy; =82 | Yxy; =911 1277 > =0 error = 9.075

n—10 o _aniyi—inZyi_10><911—95><82_0351
n= NS 2O )? | 10x1277—-952

_ Xy 82
>y = —2_382
Y= T 10
in 95
S x= =2 _95
X 10

U
8

o=y —a,x=82-0.352x9.5=4.856

= linear equation = y =4.856 + 0.352 x

= Sy = /s— = /—9'075 = 1.065
b n-2 10-2
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e 17.2: Polynomial Regression
2

>y=ag+ax+ax
=Xy =nag+a; Nx; +a; X x;?

S XY =X ¥ +a nx’+a X
S X%y = a X’ +a X x® +ap Rt

n
= Sum of Series of residuals or error = S, = Z( Y — g — a1 X; — ax;% )
i=1

S
= Standerd derivation = S% = m
= n = Number of data = m = degree of the polynomial
% For the givendata find
’3‘ 1y6 a) Fit a second order Regression line
4 3.6 b) Error
4 44 ¢) Standard derivation
7 3.4
solution :
Xi Vi XiYi x;2 x:%y; x;3 x;* (yi — ag — arx; — azx;* )?
3 1.6 4.8 9 14.4 14.4 81 1.024 x 1073
4 3.6 14.4 16 57.6 64 256 4.225%x 1073
5 4.4 22 25 110 125 625 4356 x 1073
7 3.4 23.8 49 166.6 343 2401 1.44 x 1074
Xxi | Xyi | Txy | XxP | Txly | x| Xt error = 9.749 x 1073
=19| =13 =65 =99 | =348.6| =559 | = 3363

=Yy =nag+a; Xx; +a,Yx;?=4a,+ 19a; +99a, = 13

S Y XY =y N X +a; X x%+a; Y x;2 =19a, + 99a, + 559a, = 65

S Yxlyi=agnx?+a,yx+a, Y x* =99a, + 559a, + 3363a, = 348.6

> Matrix in CaIcuIator Mode > 5:Equ > 2: anX+bnY+cnZ=dn >

4

19 99 559 = ay =-0909 = a; =5.305=a, =—0.486
348 6

99 559 3363
= Second order equatlon = y=-0.909 + 5.305x — 0.486x?
n

= Z(yi —ay— ayx; — ayx;2)? =9.749 x 1073

S, [9.749x1073 _
:S%—\[n_(mﬂ)—\[ =D = 0.048
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Chapter 25 : Runge-Kutta Methods

e 25.1: Euler's Method
= Yn+1 = f(x)n+1 =¥+ f(xn' Yn)h > h= Xn — Xn-1
n=20 =y = f(x)1 = Yo + f(x0,Y0)h
n=1 =Y, = f(X)2 =y1 + f(x1, y1)h
d
& Solved—z =xy1+y2 ify(1)=0,findy(3)?

=>xy=1 =>y,=0 +~ hnot given we asume h belowx, = h =04

X xXo=1 x1 =14 X, =1.8 x3=2.2 X4 =2.6 x5 =3

f(x) 0 0.4 1.003 2.203 4.009 8.306

Y [ =Y fxD=Y1| fGx) =Y, | f(x3)=Y5| fxa) =Yy | f(xs) =Ys

>n=0 >y, =Y+ f(x0,¥0)h =0+ f(1,0) x 0.4

= f(1,0)=x/1+y2=1xJ/1+0=1 >y, =0+1x04=0.4
>n=1 >y, =y +f(x;,y1)h =04+f(1.4,04)x04

= f(1.4,04) = x/1+ y2 = 1.4 x V1 + 0.42 = 1.508

=y, = 0.4+ 1508 x 0.4 = 1.003

>n=2 Sy, =v,+f(x5y,)h =1.003+ f(1.8,1.003) x 0.4
= £(1.8,1.003) = x,/1 + y2 = 1.8 x V1 + 1.0032 = 2.549

= y; = 1.003 + 2.549 x 0.4 = 2.203

>n=3 =y, =y;+f(x3y3)h =2203+f(2.2,2.203) x 0.4
= £(2.2,2.203) = x\/1+y2 = 2.2 x V1 + 2.2032 = 4.965

=y, = 2.203 + 4.965 x 0.4 = 4.009

>n=4% 2>y =y, + f(x4,ys)h = 4.009 + f(2.6,4.009) X 0.4
= £(2.6,4.009) = x/1+ y2 = 2.6 x V1 + 4.0092 = 10.743

= ys = 4.009 + 10.743 x 0.4 = 8.306
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Modified Euler's Method

= Yn+1 = Yn T hf [xn f (Xn, )
dy 2x .
< Solvea = y—7 if y(0) =1, find y(0.1)and y(0.2)?
3x0:0 3:}70:1 :>h=x1—x0=0.1—0=0.1
X Xo = 0 X1 = 0.1 X = 0.2
£(x) 0 0.805 -0.264
Y fxg) =Y fx))=Y flx) =Y,
h h
>n=0 :>}’1:)’o+hf[xo+§ gf(xo:J/o)]
=1+0.1xf|0+2,2f(01)
>f0,)=y-"=1-2=1-0=1

=14 0.1 % £[0.05,0.05% 1] = 1 + 0.1£[0.05, 0.05]

2x0.05

= £(0.05,0.05) =y =2 = 0.05 - 222 =
=y, =1+0.1x (~1.95) = 0.805

h
22 f G|

>n=1

= £(0.1,0.805) =y — 7 = 0.805 —

= £(0.15, 0028)—y———0028—

dy

% Solve— =

dx

$y2=y1+hf[x1

=0.805+0.1

xfp1+
2%0.1
0.805

0.05—-2=-1.95

0.1 0.1

>=,22£(0.1,0.805)
= 0.805 — 0.248 = 0.557

]

= 0.805 + 0.1 x f[0.15,0.05 x 0.557] = 0.805 + 0.1f[0.15,0.028]
= 0.028 — 10.714 = —10.686

=y, =0805+0.1x (- 10.686 ) =-0.264

xX=y
x+y

2x0.15

if y(2) =1,find y(4)and take h = 1

X

x0=2

x1=3

x2=4'

fx)

1

1.875

2.811

Y

f(xo) = Yo

fx) =Y

fx) =Y,

>n=0

> e, =22=

= £(2.5,0.167) =

h h
=y, =Y+ hf [Xo +§'§f(xOJ’0)]

=1+1><f[2+%,%f(2,1)]

2-1
2+1

-—1_-0333
3

= 1 +f[2.5,0.5 x 0.333] = 1 + f[2.5,0.167]

__2.5-0.167
T 2.5+0.167

+y

= 0.875

=y, =1+0.875=1.875

f3+3

=0.231

=y, =y1 +hf [X1 + %:%f(xp}ﬁ)]
f@3, 1.875)]

= 1 + f[3.5,0.5 x 0.231] = 1 + f[3.5,0.115]

>n=1
=1.875+ 1%
3-1.875
= f(3,1.875) = +y ~ 341875
__3.5-0.115
= f(3.5,0.115) =2 = = e
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=y, = 1.875+0.936 = 2.811
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e 25.2:Improvement of Euler's Method

h
= Ymi1 = Ym +3 [f G im) + fXm + B, Y + B O, Y]]

d
& Solved—i: =-x*—y=4 ify(0)=1,find y(0.2) takeh = 0.1?

X x0=0 x1=0.1 x2=0.2
() 1 1.526 2.109
Y f(x0) =Yg fe) =Y fx) =Y,

>m=0 = Y1 =Yo +§[f(x0;3"0) + flxo +h,yo + hf(xo’YO)]]

=1+ % [£(0,1) + f[0+0.1,1+ 0.1 x £(0,1)]]
=f(0,)=4+x*4+y=44+0+1=5

=1+40.05[5+ f[0.1,1+ 0.1 x5]]

=1+0.05[5+ £(0.1,1.5)]
= f(0.1,1.5) =4+x>+y=4+0.12+1.5=5.510

=y, =1+0.05[5+5.510] = 1.526

>m=1 =Y =) +§[f(x1;}’1) +flxs +h,y; + hf(x1;}’1)]]

=1.526 + % [£(0.1,1.526) + f[0.1 4+ 0.1,1.526 + 0.1 x £(0.1,1.526)]]

= £(0.1,1.526) = 4 + 0.1 + 1.526 = 5.536
= 1.526 + 0.05[5.536 + £[0.2,1.526 + 0.1 x 5.536]]
= 1.526 + 0.05[5.536 + £(0.2,2.079)]
= £(0.2,2.079) =4+ x> +y =4+ 0.22 4+ 2.079 = 6.120
=y, = 1.526 + 0.05[5.536 + 6.120] = 2.109
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e 25.3: Runge-Kutta Method
e Second order

= Yn+1 = Yn T AV

1
= Ayn = g[kl + 4’k2 + k3]
=k, = hf(xn ' Yn)
h kq
= k2 = hf(xn+z » Yn +?>
:>k3 =hf(xn+h,yn+2k2_k1)

d
< Solved—z =y—x ify(0)=2,findy(0.3) takeh =0.1?

X xX9=0 x1=0.1 Xy =0.2 X, =0.3
f(x) 2 2.205 2.421 2.109
Y fxg) =Y, fx))=Y, flx) =Y, flx) =Y,
>n=0
>k =hf(xy,y,) =01%Xf(0,2)=01%x(2—-0)=0.2
h kq 0.1 0.2
=k, :hf[x0+§,y0+?] =O.1><f[0+7,2+7 = 0.1 x £(0.05,2.1)

= £(0.05,2.1) = 2.1 — 0.05 = 2.05 = k, = 0.1 X 2.05 = 0.205
= ks = hf[xo +h,vo + 2k, —ky] = 0.1 X £[0 + 0.1,2 4+ 2(0.205) — 0.2] = 0.1 x £(0.1,2.21)
= £(0.1,221) =221 - 01 =211 = k; =0.1x211=0.211

1
= Ayo = 2[0.2 +4(0.205) +0.211] = 0.205

= y; =y +Ay, =2+ 0.205 =2.205
>n=1
= ky =hf(x;,y;) =0.1x%f(0.1,2.205) = 0.1 X (2.205—-0.1) = 0.211
h kq 0.1 0.211

=k, = hf [xl + 5N +7] =01xf [0.1 + - ,2.205 +T = 0.1 x f(0.15,2.311)
= f(0.15,2.311) = 2.311 - 0.15 = 2.161 =k, =0.1x 2.161 =0.216
=> ks =hf[x; +h,y; + 2k, — k4]

=0.1x f[0.1+ 0.1,2.205 + 2(0.216) — 0.211] = 0.1 x £(0.1,2.426)
= f(0.2,2.426) = 2426 — 0.1 = 2.226 = k3 = 0.1 X 2.226 = 0.223

1
= Ay, = 2[0.211 +4(0.216) +0.223] = 0.216

=y, =y, + Ay, = 2.205 + 0.216 = 2.421
>5n=2
= ky = hf(xy,y,) = 0.1 X £(0.2,2.421) = 0.1 X (2.421 — 0.2) = 0.222
h k, 0.1 0.222

= k, = hf [x2 +5 Y2+ ?] =01Xf [0.2 +— 2421+ ———| = 0.1 x f(0.25 2.532)
= f(0.25,2.532) = 2.532 - 0.25 = 2.332 =k, = 0.1 X 2.332 =0.233
= ks = hf[x, + h,y, + 2k, — k4]

= 0.1 % f[0.2 + 0.1, 2.421 + 2(0.233) — 0.222] = 0.1 x £(0.3,2.665)
= £(0.3,2.665) = 2.665 — 0.3 = 2.365 = k3 = 0.1 x2.365=0.237

1
= Ay, = 6[0'222 +4(0.233) + 0.237] = 0.232
=y, =y, + Ay, = 2421+ 0.232 = 2.653
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e Fourth order
= Yn+1 = Yn T AV
1
=k, = hf(xn 'yn)
h k1
= kep = B (0 +5 9+ )

h kz
= ks = hf (X +5 o0 + =)

= ky th(xn+h'yn+k3)

d
< Solved—i’ =y—x ify(0) =2, find y(0.2) take h =0.1?

X xXo=0 x1=0.1 Xy =0.2
f(x) 2 2.205 2421
fxg) =Y fx)=Y, flx) =Y,
>5n=0

= k1 =hf(x0,¥0) =0.1xf(0,2) =0.1x(2—-10) =0.2
h ky 0.1 0.2
:>k2=hf[x0+§,y0+2]—01><f[0+ 2+7]—01><f(00521)

= f(0.05 21)—21—005—205 =k, =0.1x2.05=0.205
0.1 0.205

=>k3—hf[x0 — .,y + 2]—01><f[0+2 2+T]=0.1><f(0.05,2.103)

= £(0.05 ,2.103) =2.103 — 0.05 = 2.053 = k; = 0.1 X 2.053 = 0.205
=k, =hf(xo+h,yo +ks) = 0.1x f(0+0.1,2+0.205) = 0.1 x £(0.1,2.205)
= £(0.1,2.205) = 2.205 — 0.1 = 2.105 = k, = 0.1 X 2.105 = 0.211

1
= Ay = 8[0'2 +2(0.205) + 2(0.205) + 0.211] = 0.205

>n=1
=>k1=hf(x1,y1)=01><f(01 2.205) = 0.1 x (2.205 — 0.1) = 0.211
1 0211
:kz—hf[xl 2 9 —]—01><f[01+—2205 T]=0.1><f(o.15,2.311)

= f(0.15 2311)—2311—015—2161 =k, =01x2161=0.216

1 0.216
=>k3_hf[x1 — 7 —]-01><f[01+—2205 T]:0.1><f(0.15,2.313)

= £(0.15 ,2.313) =2313-0.15=2.163 = k; =0.1x2.163 = 0.216
=k, =hf(x, +h,y, + ks) = 0.1 % £(0.1+0.1,2.205 + 0.216) = 0.1 X £(0.2,2.421)
= £(0.2,2.421) = 2421 - 0.2 = 2.221 =k, = 0.1 X 2.221 = 0.222

1
= Ayr = 2[0.211+2(0.216) +2(0216) +0.222] = 0.216
=y, =y, +Ay; = 2.205+ 0.216 = 2.421

dy 2xy+e* . )
< Solvedx 2 1 et ifxo=1yo=0findatx=1.2and 1.4 =0.17
X x0:1 x1:1.2 x2=1.4
f(x) 0 0.141 2421
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LY | fe=Y% | fGp=Y | fGe)=Y, |

>5n=0
1
=k, =h , =02%xf(1,0)=02%X|———]=0.2x%x0.731=0.146
1 f(x0,¥0) f( ) 12+el]
h kq 0.2 0.146
:>k2=hf[x0+z,y0+7]=O.2><f[1+7,0+T]=O.2><f(1.1,0.073)

[2 x 1.1 X 0.037 + e®1]
1124 1.1 x el?

= f(1.1,0.073) = =0.683 >k, =0.2x0.683 =0.137

h k S 02 0137
= ks = hf[xo+E ,y0+7] =0.2 xf[1 + ’O+T] = 0.2 x £(1.1,0.069)

2 % 1.1 X 0.069 + el1]
| 112+ L1xell
=k, =hf(xo+h,yo +ks) =02 x f(1+0.2,0 + 0.140) = 0.1 x £(1.2,0.140)

2% 1.2 X 0.14 + el?
= f(1.2,0.140) = |——5 5>~ i3

= £(1.1,0.069) =

=0.699 =k, =0.2x0.699 =0.140

] =0.674 >k, =0.2x0.674=0.135

= Ay, = %[0.146 +2(0.137) + 2(0.140) + 0.135] = 0.139

=7y, =Y+ Ay, =0+0.139 = 0.139

>n=1

2x1.2x0.139 + el?
1.22 4+ 1.2 x e12

ky 0.135

h 0.2
=k, = hf [xo +5 Y0+ 7] =02xf [1.2 +— 0139+ T] = 0.2 x £(1.3,0.207)

2%x1.2%0.207 + 12
112+ 1.2 x el2

=k, = hf(x;,y,) = 0.2 X f(1.2,0.139) = 0.2 X [

= £(1.3,0.207) =

] =0.735 =k, = 0.2 x 0.735 = 0.147

h k, 0.2 0.147
= ks = hf [xo + 5 y Yo + 7] =02X%xf [1.2 + > ,0.139 + T] =0.2 X f(1.3,0.213)

[2 % 1.1 X 0.069 + el
| 112+ 11 xelt
=k, =hf(xo+h,yo+ks) =02 x f(1+0.2,0+0.140) = 0.1 x f(1.2,0.140)

[2 % 1.2 X 0.14 + e12
= f(1.2,0.140) = 122 + 1.2 X el2

= f(1.3,0.213) = ] =0.699 = k3 =0.2x0.699 =0.140

] =0.674 =k, =02x0.674=0.135
1
= Ay, = 2[0.146 + 2(0.137) + 2(0.140) + 0.135] = 0.141
=y, =y, + Ay, = 0+ 0.141 = 0.141
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25.3 : System of Equations

= dy_ (
dx _f X,y,Z)
= Yn+1 =1Yn + Ay,

=k, = hf(xnIYn 'Zn)

kq L
:kzzhf<xn+§,yn ?,Zn-l‘?)
h kz L

= ks = hf(xn =,V +—,2, +7>
3k4:hf(xn+h Yn+k3'Zn+l3)

dy dz
% Solve—=x+z and — =
dx

dx
find y(0.2) take h =0.17?

== gy,
= Yn+1 zlzn + Az,
= Ayn = g[ll + 2l2 + 213 + l4]

=>1=hg(xXn,Yn,2n)

kq l
:>l2=hg<xn+i,yn 7,Zn+§)
h kz l,
= 1l; =hg (xn =,y + , Zn +E)

:>l4:hf(xn+h Yn+k3;zn+l3)

x—y ify=0,z=1,x=0

X x0=0 x1=0.1 x2=0.2
Y Y0 =0 0.1048 0.218
Z Zo =1 1 0.9986
>n=0
dy dz
:a—f(x:y'z) :a—g(x'y'z)

:>k1=hf(x0,y0,Z0)=0.1><f(0,0,1)
> f(0,0,)=x+z=0+1=1
Sk, =01x1=0.1

h kl L
:k2=hf(x0 ,yo Zo+2>
01 01
—01><f(0+ 0+2 1+O)

= £(0.05,0.05, 1) =0.05+1=105
=k, = 0.1 x 1.05 = 0.105

h k2 L

= ks =hf(x0 =, Yot+t—=,2+ 2)
01 0105

=0.1Xf(0+7,0+T,1+0)

= £(0.05,0.053,1) = 0.05+ 1 = 1.05

= k3 =0.1 X 1.05=0.105

> ks =hf(xg+h,yo+ks,zo+13)
=0.1xf(0+0.1,0+0.105,1 —0.0003)
= £(0.1,0.105,0.9997)

= 0.1+ 0.9997 = 1.0997

=k, =0.1x1.0997 = 0.10997

1
= Ayo = g[kl + 2k2 + 2k3 + k4,]

1
= 2[0.1+2(0.105) +2(0.105) +0.10997]
=0.1048

=1, =hg(xy,y0,29) =0.1%xg(0,0,1)
=90,0,1))=x—y=0-0=0
=10, =01X0=zero

Rk L

$12=hg(x0 ,yo Zo+2)
01 01

—leg(0+ 0+ 1+0)

= ¢(0.05,0.05, 1) =0.05-0.05=0
=1, =0.1x0=zero

h k2 [,
=13 =hg(x0 =, Yot+t—=,20+ 2)

01 0105
=O.1Xg(0+7,0+—2 ,1+0>

= (0.05,0.053,1)

= 0.05—0.053 = —0.003

=13 =01x-0.003=-3x10"*
=l =hg(xg+h,yy +ks,zo+13)
= ¢(0.1,0.105,0.9997)

= 0.1 —0.105 = —0.005

=k, =0.1x—0.005=-5x10"*

1
= AZO = g[ll + 2l2 + 2l3 + l4_]

1
= g[o +0+2(-3%x107%) —5x107%]
-1.833 x 1074

= y1 = Yo +Ayp = 7z, = 25 + Az,
=0+4+0.1048=0.1048 =1—-1833x10"%4=1
>n=1
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= ky = hf (x1,¥1,21)

=0.1x £(0.1,0.1048,1)

= £(0.1,0.1048,1) =01+1= 1.1
=2k =01x11=0.11

=k —h( L. +ll)
2 = hf |x E:}’1 ?:21 )

0.1 0.11
0.1+ - ,0.1048 + -

—0.00048
2

= £(0.15,0.1598,0.99976)
= 0.1540.99976 = 1.1498
=k, = 0.1 x1.1498 = 0.11498

h k, L
= k3 = hf(xl +E » V1 +7 » 21 +3>
=0.1x f(0.15 + 0.162288,1.00049)
= £(0.15 + 0.162288 , 1.00049)
=0.15+ 1.00049 = 1.15049
= k3 = 0.1 x1.15049 = 0.115049
=>k4=hf(x1+h,y1+k3,zl+l3)
= 0.1 x £(0.2,0.21985 ,0.9987)
= £(0.2,0.21985 ,0.9987)
= 0.2+ 0.9987 = 1.1987
=k, =0.1x%x1.1987 = 0.11987

1
= A}’1 = g[kl + 2k2 + 2k3 + k4]
_1 [0.1 +2(0.11498) + 2(0.115049)

=01xf

=l = hg(x1,y1,21)

= ¢(0.1,0.1048,1)

= 0.1 -0.1048 = —0.0048

=, =0.1x-0.0048 =—-0.00048
h ki ly

=1, = hg(x1 +E V1 +7 ,Z1 +§

= ¢(0.15,0.1598 ,0.99976)

= (0.15-0.1598 = —0.0098

=1, =0.1x—-0.0098 = —-0.00098
h ko [,

= l3 = hg(x1 +E Y1 +? yZ1 +E)

= 0.1 X g(0.15 + 0.162288,1.00049)

= ¢(0.15 + 0.162288,1.00049)

= (0.15-0.162288 = —0.012288

= [3=0.1x-0.012288 = —0.0012288

>, =hg(xy+h,y; +ks,z; +13)

= 0.1 x g(0.2,0.219849,0.9987)

= ¢(0.2,0.219849,0.9987)

= 0.2-0.1219849 = 0.078

=1, =0.1x0.0377 = —-0.00377

1
= AZO = g[ll + 2l2 + 2l3 + l4]

_ 11-0.00048 + 2(—0.00098) +
~ 6l 2(—0.0012288) — 0.00377
=-0.0014

= Zy =21+ Az

=1-0.0014 = 0.9986

N———

6 +0.11987
=0.11332
=Y, =y1+ Ay
=0.1048 4+ 0.11332 = 0.218
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Chapter 9 : System of Algebraic Equations

e Gauss Elimination
% Solve

=>x1—Xp+x3=1 =-3x;+2x,—-3x3=—6 =2x;—5x,+4x3=05
solution :
1 -1 1 1 X1
>A=(-3 2 —3] =B = —6] =>x=[x2]
2 -5 4 5 X3
= Ax =B = (A|B) = arangment matrix
1 -1 171M™* 1 1 -1 1|1 R,
[_3 : _3] H _ [_6 <_3 2 3 _6)3 .
2 =5 41Ix3 5 2 -5 415 R;
= 3R, +R,
1 -1 1)1 —> R, > R,y 3 -3 3 3
<0 -1 0 —3) — R, =& 3R, +R, -3 2 -3 -6
0 -3 213 ——> R; —» R;— 2R, 0 -1 0 -3
= Rs; — 2R,
2 =5 4 5
2 —2 2 2
0 -3 2 3
= R; — 3R,
1 -1 1)1 —> R, > R, 0 -3 2 3
<0 -1 0 —3) — R; > R, 0 -3 0 -9
0 0 212/ —>» R3 =& R3-3R; 0 0 2 12
1 -1 11[™*™ 1 =>x—Xy+x3=1 =>x1=-2
[0 -1 0”le=[—3] =0-x, +0=-3 =>x, =3
0 0 2Ilxs 12 =20—-0+2x3 =12 =>Xx3=6
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e Gauss Jordan
% Solve

:>X1—XZ+X3:1 :>—3.X'1+2X'2—3.X3:—6 :>2x1—5x2+4x3=5
solution :
1 -1 1 1 X1
=>A=|-3 2 —3] =B = —6] :x=[x2]
2 -5 4 5 X3
=>Ax =B = (A|B) = arangment matrix
1 -1 17" 1 1 -1 1|1 R,
[—3 2 —3] [le = —6] (—3 2 -3 —6E R,
2 -5 41lx3 5 2 -5 415 R;
= 3R, + R,
1 -1 11 —> R, » R, 3 -3 3 3
<0 -1 0 —3) — R; = 3R, +R; -3 2 -3 —6
0 -3 213 —> R; —» R3; - 2R, 0 -1 0 -3
= R; — 2R,
2 -5 4 5
2 —2 -2 =2
0 -3 2 3
= R; — 2R,
1 -1 111 —> R, —» R, 0 -3 2 3
<0 -1 0 —3) —> R; — R, 0 -3 0 -9
0 0 2012/ —>» R; —» R3—-3R; 0 0 2 12
= 2R, — R,
2 —2 1|-10\ —>» R; — 2R, — R, 2 =2 2 2
<0 -1 0 —3) — R; > R, 0 0 -2 -12
0 0 2012/ —>» R3; —» R3 2 -2 0 —10
= R, — 2R,
2 0 0|-2\ —>» Ry = R,—2R, 2 —2 0 -—10
<0 -1 0 —3> — R, &> R, 0 -2 0 -6
0 0 2112/ —>» R; —» R; 2 0 0 -4
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