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Ordinary Differential Equations

Introduction demtdds 1 — T

A Jmas A lalil) ealad) of Aallie o ke o0 Sl oS
Ot gl 5 MBS led G ¢ 200 il 5 Dpnarigl o glall & 9 8 S G4 46 g sl
bl O olaa by ga o jedat dpuvia o Al 3 lie @i o daSlall
Oo OES Ajaa SV o f dlialial Aaladl 03 Ja e 2 D Alliaall o3a agil
e Jpaall Alee 5 ¢ Aal jom 4o Jpnanll anind 5 Jad) 128 ailias
Sid e Aglialil e aladl e 188 o s 5y Al Lo g Cauad Jal
- dall

Ao A A cpnal ol Al e a1 a 3 sl 3 @
A A el e el foda Lad g e bl ol g Jualil)
G oy ade Jpandl Bl e gl Ganday aailiad 3l e o Jall 35a
e ygea Sl leds cnany Gl ALl caledl ol S5k byl
cegaall Jally o 80 Jad s 5 5las Jy (Closed Form Solution)
Sla¥ A day & e S dalue Agbialil)l Y oleal Jad dpanedl (5 k0 Jiai
3 jially ) 50 ) Slsdall jeae 138 Ui puae (6 La gead dpualy )
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Definitions and Concepts (Ometbling il slad -2 -]

Differential Equation —: dgbalist At ; Y
(Anall) S nal) (ol ppiiall) iiall p il uiall cp Ae o

13 (Ordinary) dple dlalioh Aieall caudy cbalal §f cliiddl b Jas
i e e V) g gad Y Jallg o)y Je e 8 Ay ) il oS

Cale
—1- At
Ve i Al Bl ¢ i il Yy Jiadll el X S
—: dle Lo
dy 2
——+ py =3x
(1) ot
dy .. dydy_ .,
2) x—d:i—+(2smx);2—&;—(3—-x )y
d*y 1lady
——4+——+4y=0
) & xde D
“4) (x = y)dx +(x+y)dy=0
~: Al
P Vet Aol AR e AV ABLY da 3N aakiui L L3S
[ dy - . e y R
y=— oA X Ay Y paiall oY) diid
L4 dzy - PR L e N ‘
y=dx2 b_)yal\u_‘c.g_uixfk.pu‘w
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25 ypeald o didel) iSH AN )45 ey Lo cdiiiall

A ey ol oo el g Gy el ol A4 A5 e prain 6 Cua
S (S e 5 1380 5 Analad) Al V) da ) amad sy @
:'&_)}.4.“63‘:(2) adalaall

A3) 0" +(2sinx)y". y'=(3-x")y

e (of Jiia ppatie e SSY Al il il Lgod dabialis Aolaa o
- A el i) Le

-2- it
R Al cladladld ¢ addual Q\_)_,\a:uj‘ Z,¥,X Jt.w\:\“ )9::\43‘ U &
DAY s Aalald <V ales
) a_U + 36_U =0
ox oy

o’U 08U dU

6 + + = xX,y,z

©) ox*  ox? oz’ fx.2)
o'U oU

7 2 +3 +(x—-yHU =

(N x oxdy y = (x=y)U =o0
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bl Alledly ek At Jef 4 p™) 4 ) diaa) culs 1y
A lalill Allaall 45 50 2025 order) 7 A al) e Aolad) o3a of Jab dpalad
c gt Ao dde Jeb

-3~ JUa

eV A pall e Apale Alialis Ailes a (1) Alualisl Alsleall -

LR A el e Apdle lalis Alilae 4 (2) calish Abled) -

-l A8yl (e g (3) bl Aaleal) -

cdx , dy Deldl) e g a1 A el (e 4 (4) Dlaalall daladl -

: (Degree) Aululiall Usiaal) da 40 : o
1pad iy o Alualinl) Aolaadly ek Afida ol Leall £ b el Y1

. lddal @;wa@QSJFQ;\GWJQHUJM\ :\;J.)
—4- 4L

A Al Gy A AS el e dusle dubdaldl Udlaa 4 (1) dslaall -

ct 9 A Al (e g AU A5 pal (e Apile Alalis Ustaa A (2) Uaslaall -

: dllaall -
d’y
dx2

dy

) + x(g) +x%y’ =e'sinx
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o AU Ao 3l (e g AN A pall (e Aleitldls Uk (A



: Addlaall —

. 4 2
) [1+(%—)2J +3szy+xy=o

JJM‘Q&@BEJ}A&WJL_—\%“J‘M}‘ 8 4a 50 A 8

dy dzy 2
1+(Zx—)2 >+ xy)

gsi

(@]—) +x’y? -l1=o0 o

( )+6

dx’ dx2
L AN da Al cpag ASUN A jall (pe Agbiali Adalea ol g

Aabadl) Aubaskial) Alsbaall — Ludld

 lagen 4Gty w il piiall d Adadl) Alsled) 2

-5- Jlt
xzy" +xy'+ x’y = esin x : Adalaall
y c._\u‘)_.uu.d\ u\uaauu‘u)d\w%&a\mﬂa\&a‘;ﬁ

Jals—a a5 ¥y aaly M g ghe lgie IS ol s p" | ' ailiiiag
CX B s eDllan 058 o e Y Lo Lad AS e o e
cAoha Y Agloalin Aol Ll dphad dyluslinll Aaleall (S5 Q13

6- Ji
tagkha Y 4LalE Yol AN Aloalall oY alaal

(10) yy'+ oy =



an '+ x4/y = sin x
(12) y"+x’y"+siny=o

CY" Ly On el duala b (10) Dsled) Aaa Y ek Cua
el oo G liny WV e Y sl B ek (11) Aled) i Ly
c Y ki YA oas Siny w8 5edi (12) Aaladll
t dediadla
¢ alaladll Asbadll 4650 e A S5 Y
AN AD pall e dglas Y (10) Aoladdle
v IV A el e Adad Y (11) Alslad
- AN Aoyl e dgdas Y (12) sl

1 gl (e Aadl) Al Alolaall Aclad) § ) gual) ; banbes

(13) Py + By )y 4.+ B ()Y + P (x)y=Q(x)
(14) 2Ry =Q s

dishi X Sdn 4 P(x) EOabaall Jlgall . L (sl a0 AS jidha jun
- Q) ANall Apally SN, Akl e

duailaid) ddaad) dudeakiall dstaal @ ladae

A lolea Lol U x o gpand (13) Adealish Adlaall (o Q(x) Wall aaradd 13

AL duilaie e Aglealil Ableal CulS Yy ¢ Auiladie dgdad Aulialss
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=7~ At

Xy rxy' +(x2-Dy=o0 alaal) -
A 454l e Fslaia g ple dLalis Usles
xy' + (sin x)y = x’(sin x + 2) Alalaall -

c Y Ada) e Ailaie e Agdas dple Aliali Albles o

: Ataadle

G— b Y A5 (13) Adied) 8 P(x) oD ded) cal <1y
Al O alee cld gl A daall A bl A bsladl e Ji X il
Bpkie CDalae b Ll Lgie JL_i 4—3ld Y| 4 (of Constant Coefficients)
- (of Variable Coefficients)

s A

y'+6y"-3y'+2y =e" Adolaadl -

A0 Clalae fd AIAN A5 Hall (e dudlaie pe dpbad dpole ALl Aldlee oo
Xy +xy'+(x’-Dy=o0 dslaall -

+ 5_iia Clalaa 3 Tybalis Aldkaa jed

Arbitrary Constants ¢ AgldaN) cud o)) Lald
L ial il Sy ¢ adualiall c¥olaall Ja b ol B el Lesale
ol uadl e adies Y adaly ) .l calS 13 (Arbitrary constant )
A psa Lo paad o8 A Ladall A jlaaWh o gl ()5S0 5 Jiaall il

. Al il 8 sl sy ey o1 13 (Essential)
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~8- At

T(x) = Ae -x’+8 " Al ..- g~
=Sy 4l (55 Sl ey oS5 B, A4 00 dlla o day JY o 8
taaly s pes bl A il seas

T(x)= Ae™*B = deB e = ce
C = AeB Cua

T(x) = A, sin x + 4,sin 3x + A;sin > x el il —

b3 G a e 00 L agdl sl (Say digall (Sl Cad 65 ADU Gaualy (53

>

R
sin® x = >-sin x - —sin 3x
4 4
. . 3. 1. .
T(x) = Asinx+ A,sin3x + 4, Zsmxﬂzsm3x o
3 : 1 .
= (A, + ZAz)sm x+ (A, ~ ZA3)sm 3x
= A,sin x + A,sin 3x
3 1 .
A4 =A1+ZA2 . A5=A2-'ZA3 GATEN
¢ caldia

s o ol o gn 4 AV ol A oSUE g pas oS -]
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—9- AL
ol Lo WS (Sary B asly ol e ssin T(x) = eyl -

2

T(x)'= efe ™ = de "

A=eB Cus

:BJM\&@ESQSQT(x)zlnx+A Jusall —

T(x)=Inx+ A =In( Bx)
A=InB &u

4SS o Sayy B4 Ol ey a9 T(x) = ACOSX + Bsinx juadll -
ZSJ)AA“LS.‘&

T(x)= Acos x+ Bsin x = C cos( x + &)

C=x/A2+Bz,£=—tan"(§) Cus
Sy LN ) Gl U el g nand) Bl U S -2

-10- AL
oy a4, T(x)=x7. e+ A4 il -
NP DEQLETL I PLEN x’e™” skt T(x) Al

gl aulh 4, T(x) = Ax’ e ™" il -
rn il aga o xlet gl T (x) A J
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oy SPIA b [ Atslall o —3-1

: aglualinh Ablaall Lsal oS4

(15) F[x,y,y’,...,y’”’]= )

LAl FoCust 7 Ada e il
T ) e 3 ox o e dal e Giea G Tl £(x) o
xel Cyn X jpiall Led JS ol e 3 pme 72 i pal i it S G,
POl Ul (3ia 13 (15) Alaall Ja f(x) W o Ui
Flx, £(2), £/(X)ormr £ (m)] ail < 13 -]

xel ad S dal e lijaa
Flx, £(x), /(@) fP(m)]= 0 0813~

xel o883l e
A Lalill daledl b diliidiay p O\Se a3liidiay fX) Gmgady 4 ing 14
o x el a pgen dal e dilae ) (15) Abtaddl J a3 (15)

—11- At
Al 3V A el e Audadll dglialinl Alaledd) il -
xy'=2y=o0
xel Jalga y=4Ax? 9 lela

cgobal Qb 4 Cas
Y =24x  cuuas ) e Giailly
raaid Agloaliill Aslaall oYl caplall 8 m g

xy' =2y =x(2Ax)-2AAx* ) =0
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LA Aolad) el -

k= ol s Y +kly=o0

y=Acoskx+ Bsinkx  sa doladll 0da Ja
POV GBS il B A Cus
y' = Aksinkx+ Bk cosk

y" =—k*[4cos kx + Bsin x|

cAdlas o Jat A baliil) A Dlaall 8 ey gl

¢ Slfaada

eday Jatdall e Al Lo i Adalil) Asled)l of Adlad) 3B a5~ 1
PRSI PR PO R UTE LR PPV TSR PRV VY
(General solution) Loale SUs 4 Tall oia odady ¢ Al cul 8 e
(Particular solution) gl Jda (sl ol die (Say Aplialisll Aslaall
ool s o aalaa g dad e ol o8 o 3 LaaY) cuf 8 cUaely
Gl gl Ay lia aib cUachy alall Jall e Lealisind oSa Y dbialid) Alalaall
(Singular solution) 3 —diall Jally awy 3a s of Jall 134 Jiey 4y Laay!
Agudigh Sl 353 jlisall Jolall o3a Fia WL L 153l y duboalidl Astaal

JalS a ged Aladll o3gd Jalall < A balisll Albaall ple o (aas 13

- (Complete Solution)

g ol gl lglaa e Alsladd dlalill Alkad) J38 (a2
sl e ana Ll S 1Y

F(x,y,A)=o0
Poon ledidag
Fl(x,y,A)+ F)(x,y,A) =0
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A LAY Sl Gida e A3l Asladdl g4 (16) a5l Abialishh Aladli
2 oSy (17) ¢ (16) oiloaall (e

(18) G(x,y,y)=0
—12- Jita
y= sz adal )a:\a.\s ‘
yl=2Ax ‘FA‘.H'*#

A laledl e Jrasi Gilibeall o5 o 4 s EAY Bl Ciiay
foh s Al oa Lgiias 0 ddualatl

dal 13 o Cyny dlialis Albledd Ja e iall oy sl Ul (3555 38

0 b i) il o e b a1 e Bisna U g iy o oy

Ciag a8y ¢ Aysllaall da g2 Bing Lo lgia i 3 Jsladl psen a5 35 Allal

le—iiad agllaall dog plll canai o Joladl 38 Y Slaill (50 Jall Va8 e 55800

—smuadl Lbalil Ablaall oewiy (Boundary Conditions)iaall Ja il
- (Boundary Value Problem) dpall sl alliue; daal Jag i elliy

=13 Jdia
A Alalial Al il

Y'+y=o0 , y(0)=1, y'(z)=1
tosa Leda g oall ol e (65 Abialial Astadll 238

y =Ccosx—sinx
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S opiiall g ¢ aalall pudiall ¢ A0 el S0 Cua (pe Al Nl e — T
b 3sa Ale LgieS Alla A Ldsa o Lale LgdpSy dliTuall i paiial
€Y of Auilade A Jb Aobad CllS 1Y ¢ Y o Ak 2

( i) y'+_.l;yl+y=0 (ii) yn=[1+y12F/2
w2 : 229,08
(iii)) dU%)=%d3g (iv) = =c? Fei
(V) ..X:3 + x4 — 1 (Vl) xyyl — (y")3

Noa gelay Al dbalial) sl ¢ S b gsSial Jal o e (ghas I
Yol e da g4 Ja 83 . L

(1) y’+y=2 , y=Ae " +2

2,
(ii) %+2%—3v=2cost—-4sint , v=A¢ +Be™ +sint

(iiiy x(")Y =2y , y=4x
3 y=AeF+2 aal sl el Ll <3 ciliiniall Aia pe eliaed 520 au
088 Bing 53 (i) Alalidh Aslaall (alall Jall cpe S () qsllaal

v()=-5 , v()=2

sbe Js 72—ty =0 ¥ L5 el <l s Ldalitl] Usleall ~TIT
Ja el G | faaly U jlaal Bl ey y = Ax— 4% (i)
2
o A gAY Culll ulie o ellacly plall Jall (e anlisiad (SeY yz%

Lhlas AAD o34 it (e Ja - ikl Jally plall Jall (o 38D Lily s
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Lgmtias il g 2l ol el ) cld bbaial) Akilde pliaef Ciotidn pia i —TV
FI
x*+By? =1
- ilginiall o A 03] Akl Aliled aa

t paabadld Adualit) Astaad) 39 -V
y' = Ax+B
: s Ao ganal Alialil Alstaall 32 ~VI

_ x 2x
Yy =cqe + c,e

: ciliall Gy i —VII
v Sliniall 038 aal alalis (e ddali JS 4 uay (inde b Cilyinie Cilia
: calaall olay)
Gliinidl de gana Lyal SIS 13
F(x,y,c)=0 (1)
& i caliall 13gd Calie ciliaiall o3¢d S 1Y (LA <l € Cya
o) Culill dpailly Lgiidia g (1) Al adalis (j ddails JS

F! (x,y,c)=0 (2)
o8l Lagin ol Cada g il @ 00 Legla (Giay Ul
G(x,y)=o0 (3)

GIS ey oY Tl Via
: aglalill Adalaal) ALSED limial Cilica an —¢ (gl
yi=y-2
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: ot Al o Dudolalt) Abatanld it inti 1 11
Geometrical Interpretation:
o g (oY) Al o Aabialiall Y sleal o 35k Jucaill 138 3 o yim
e Sy Vol o3 Jiay SV e eV Al e AN Aa
(Al Aaladl 5 gaaall

(1) F(x,y,y)=0

il ¥ §f o255 (1) Agbualich Alslaal Jad 5kl Cilide e b eadl Uy
- Alalidll Aalaall 03] L5 _sia suall) punnigh
15 geall o Ll oSe gl dad S i sladdl el

2) | y'=Fx)

J—aiy T L dihaia G (x,y) il aues aie daidll saay f(x,y) Aall Cua
oSl inidl e gl (,,,) Wil xic ' AA Aad f(x,,,) el
o3¢ AelSl iaiddl e Jganlly (x,,y,) daiilly Ll (2) dboatiall dlstaal
= daail f(x,,p,)oladl b AL, Ailue & ati (x,,y,) dailly Ll dlsted)
Alsae o i & (x;, ;) Al e pal (g £ (3, 0y) s (x,,p,) el
el Cauni ¢ (x,,y,) Al ) diall £(x,,,) aall olasyl 13 & AL,
) Jual AL, 5 yia dilue olaiV1 138 b ol jati 3 Akl 23 3i2 f(x,, ;)
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Sadl 5 iall bl Jy3 bais Gled) b Jeasid 1388y (x,, p,) adaiil
-1~ IS (., ) asiilly Sl LSl sl e

Obediiag Ahaiidll 038 die dubes Jey agde adais gl ol il 138 ey

sdg—s Aalal Al Jobadl aaf o Lol iaiall 1aay . (2) dbeabislh dsbedl
Ao Al S iate o Jeasi saa ddals (e fani 5 ye JS 5 Aplialih Alslaall
s - (2) Walaall Jlalt als

(2) Uabaall pigh Jaddl ~ 1~ S

Bt iy xp s simall 8 Bk Cua f(x,p) =k daiall s S
a— (2) Aleall (Curve of Constant Slope) (s il Jpall iniay ginial
o b lebe 33 fie Dlagiine (e 5 sl el jal cinidll 134 s aie (ja pun
Lol jualisll 028 (3o juaic JS4 (Lineal Elements) dafiwal juslially
rgsb—liall dedl ginia pe 42bli ddais die (2) Usleal] alol iaiall e
Ay T A ilaidl dait dilide &y glaia e e oL leall o34 S5
Aagiiaal ual il o i Sliniall 038 e JSUy Ailise e &yl olacly
oWl Jdis g Jlse Al jeal il Ao g (5 S5y ¢ 4y dualil
rel—iadl 03 Bacluey A gy (Sayy (2) 4lmlithh Asledl (Direction Field)

~2- JS3 (2) Alaall ALl lginiall Ay 5 liate ur agiianal
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Y4
D st Jall ginia
k

- X

i heiall Jyall Cliada —2- JS&

: dtia " J
a8 At el e Cpfilial il Calilaall (e JSE ola3Y! Jlae paa
=1 ol
(3) y' =xy -1
(4) y'=x -2

- Oflabad) WIS (1.1) ity LY el il sl
Dl
xy=k i (3) bsladl il Jua cliiaia -]
CAIY) (g el Dol RS S 5 g0y

Y'=xy  alad ga -3- Jsa
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—inie S Aativiall juoliall e iliaiall 038 e de gane =3— JSA Oy
—inie o Akl oda (pe ki (1el) Wiy Sl lSH il
- g sbiall Jpadl Sl e IS Aiandll pualiadl (535
x =k a (4) Woladll (g bl Jaal liniad gl puidy =2
Y osall 45 g0 Slaiune a5
Y

Yy =x ddaaall Ja —4- s
LAS@MAJS.‘W\ Fw\eﬁw\auw:\cw'4—gﬁaﬂ‘w_,
C(Tel) ol L Ll iaiall Lyl mas gy

| . . 5 ég 2-_.-
Y A al e lalil c¥obedl Jad Gkl calise Y 5 kall i
a5 3y (Unique Solution ) aay Ja (1) bl dsbeall 058, 8 43 Sy
BbY! e da 6l W an sy ¥ 3 (Many Solutions) saae Jgls L)
- il Gaad i Al
xy'=2y s Yx,)=y,
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) =1 Sl p=r' s uagdaldny
y(0)=0 il 1) 5 laal cull 4 Cua y = Ax? b Al Jola Ld a5y
y(0) =1 &K\S}&LY\UEJ;\.QJA;};YJ

Existence Theorem : Jadl dezg doylad 211
Akt i dhia T QilSy oxy (5 shmall (8 Al (x,,y,) <ilS 1)

T = {(x,y)e‘)?2 :ix—xulsa,ly—yu‘sb,a,be"ﬁ"}

y
yorb be— T
W -V
1 1 L oy

x,-a x, x,+a

T Adkaiall ~5- Js&

T b i g Yo 5 jaiunny Al 33m g (2) Aobadl 3 £, p) Wl il 13

RN R
V(x,y)eT 5 3M 2o : |/ (x.p)| <M

h=min(a,+) <uils,

Wb Y= B00) S (o luay Do Jii Y’ = f(x, ) Rali Adkaall (8

Cx=x, de Y, dadl Jall 13a 32l ,x—xo,<h Jlaall
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Uniqueness Theorem N () W ) SRUY

gLy (;y,y L s 1y o oscasy

H"uﬁa&a)@\ 'b:e;_,u\é
; J Laydl iady T dakaial

V(x,y)eT, IM20 : |f(x,y)<M
V(r,y)eT, FKzo : [Z&2<K

i lalinl Aol 3iny y = @(x) vay da aas 4ili A=min(a, L) culs,
bl ) da sl Siagy [x - x| <h s El L (2)

y(x,)=¢(x,) =Y,
e b e Jyanll A0lSa Say ¥ " Jall agmy " oSG sl
e Jpanll (Sa 3 Jy J) 2! paes b 3o suae 5l "Closed Form" dilas

cagaaall ¢ A @l 3Lkl saaly Jall

g tn (VTP ET PP} { SN (WY WIRhx ey FIPPRK RN | |
Separable First order Equations:

: aglaliall Alilaal aun g S bES VA

&) y'=f(xy)

Josal L
(6) gL +h@=o

b £ A L
(7) () dy+h(x)dxr=0
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W gguall oy ypiiall Jumil AL Alialis dlabea L Asbadl o328 e Qs
oo x pdall Juad oS4 4 @llig (Separable Equations) Juaill 448 alslas
A x Jualis Jalae S 1Y il Jusd gy AT eay . Wl y ial
chil y e ddld y Jualdl Joleag Jaid x e
P ste daaad G lall AlalSay

(8) f g(y)dy + Ih (x)dx=A

¢ G Al e Albaall (Y Tandp Blh Gaadiud y (5880 il A Cua
g QS ol jaly
(9) G(y)+H(x)= A

- aglalidll sl ple Ja e Uleas 3 (5S4

: ddaadle
Jucaill AL L Lalill Alslaall g af 1) gom ani 38
—4— i
(10) & fi(x)dy +g,(»)fi(x)dx=0 -1
() Yy fmhe) =o 2
dx Y=
JaSill Jale 8 o peally (10) Astadl A il Jaad (5 Sy G
1 .
m (Integrating Factor)

D e deandd
1162 dy+ GO
g,(») fr(x)
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J‘g|(y) J'f(x)dx A s e o oY K

:(») f2(x)

1 bl Jalall ey (1) Aslaal 3 el piial) S oSy Laiy
h(x)

2‘;.:‘-()..&.\3
1
——dy+ f(x)dx=0
h(y)
_dy+ [f(x)dx = 4 leies
h(y)
5= (i
%—xy=o s alalall Al da
: Jadl
O—Say Y o el ALl (11) Aslaadl J& e sUaxa Asladll
Crosiall Juad
& -xdx =0
y
x2
-lny—-—2—=lnA IR

L%

LD ) Lgis<d InA 5 geall o (5 LAY il Linia gy

n 2 =X_
A 2
y=Ae""

Slinie A it e e g SUaaall Aloalidl Asbaall pLl Jall 5a l3a

. LY Gauss
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:Jaald AL g0 (1 i o 9¥1 Ayl 0 dabeinlad G otme 4. 11
First-Order Differential Equation Reducible to Separable Form:

Homogeneous First-Order Differential Equation:

N oi sl e dlaie i Ta Ll f(x,y) il e Jg

: s 1y (Homogeneous Function of degree)
(12) S, Ay)=4" f(x,)

Y, x opopiadl B da i Al f(x, y) a5 e 2a JS IS 1Y @l Gia
f,)=x-x"y+2xp* +7y° ;A S -

oY iy (3) da_al Oe Auilatie Ay A

F(Ax,Ay) = (Ax)* = (A ) (Ay) + 2(Ax)(Ay)* + T (W)’
=2 f(x,y)

PN e dal e dusilae Ws b f(57)= x;i Al i -

_ A=Ay x- y 0
Sx,2y) = Ttk xiy f(x,y) if(xy)

. 0 Aad e duilaie s Liaf & F(x,¥) = % +sin' (p/x) Aally -
N Hailate 2t A A f,y)=x"+sinn’cosy Wl Ly -

S(Ax,Ap) = A" f(x,y)
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x-y+1

dladie Caed f(x, p) = A el -

xX+y-2
f I Al G Al Al e i 4 J8S y ai Le e el
(13) M(x, y)dx+ N(x,y)dy =0

N N(x,y) , M(x,y) ol e JS 1S 1Y dilatie Alalis Alales L
Aol i (e dlaia
3)}A‘Jﬁ(l3)ﬁj@‘b&5u&9}

&y M(x,y)

d  N(x,y)
P oY 0 Aaal e Auilaie Ay sa e il of il g

M Ay) _ AMGy) _ 0 M)
N(Ax,2y) A'N(x,y) N(x,y)

dy_ _Mxy) MxAy)
dx  N(x,») N(Ax,Ap)

ALY

f e duaai 4 = 1/x dualall i@l A ellel,

dy _ M(,y/x)

dx N, p/x)

(14) % = g(y/x) ol
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J_At’gj_ug\ _).\a.u“ Lﬂj@\&d‘dﬂhﬂ‘dé‘“ﬂ@“d}‘b)}éb%_’
0 Al e dailade Al 4uds gay (¥/X)

ua__._:)a.ﬂ\ (p\.li\ub d.\d“ ;\-‘4\3 o) ‘_s-“\ (14) ‘\.».AJL:..LA“ alalall d\_).\;\ USAgJ

:L?JL’J\
9=y/x
—x..‘}:>éji-x~6£’i 9 Cua
dx dx
DS e (iS5 (14) dlslaall
! d.9=ldx
g% -9 x
!
dy d$
=x—+93=g(9
= g(d

Jmiani 53! Aladll ALlSay g Ausilaiall Aolaall & oy ppiiall Jusd o5 4l (g
wM\HW\w;g:y/x ucua_,ur-ﬂxun:ﬂbs.gu_‘e
- X,y UﬁL‘y\

=6= s
(x*,y)dx-2xy’dy =0 Alalid Aol Ja
:Jead)
3 Al (e Awlade dglialis Aoleal oda
uadll ALl 5 5 50 M Ll sl (Say y = xF Gy paill Hladiuly

y=x8=dy=xd3+ 9dx

(x* + x> F Ydx — 2x(x3)* (xd 8 + Gdx) = 0 ol
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2|1+ 9 )dx - 29% (xd$ + 9dx) | = 0 4

1+ 8 -29)dx-2Fxd8 =0 P
1 292 .

—x—dx= 1_33 dlg u)!

Lnx = —%Ln(l—83)+ Ln A 4ldsJly
3 A .

= |

T ey 3

Ple dani 8 = y/x oo pasill

3 3 372
x*(1 —13‘)2 = x3l:——————x 3y ] =4
x x

(x? = y*)? = Ax’ ol

: Olslad by Jaalddll cilales Lggd calae  —2
Coefficient Functions are Linear:

M(x,y)dx + N(x,y)dy =0 lialalh alsbeall Lyal oS4
gl Y, X Adea Al VM cSadl s e JS S 1Y
(15) ax+by+C)dx+(a,x+b,y+C,)dy=0

A uilaie Alualis Alilas ) Aloleall 038 Jysad anlie i g gy (S 4lld
oolls dla . Juaill 46 L
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: W Alad
ax+by+C =0 Olasiinall IS 13

ax+b,y+C, =0

ab, ~ab, 20 gl e 32 @l da yd g ledaiy

? b, b,
gilhaal paadl Caday cyiuilate Giibbee ) cptibadl ciloteddl Jygad oSy 4ils
o Cpaiall adli ddali Y o 09 Y, X Gl dib @l ¢, C
ah+bk+C =0 gl (k) o i oda (Sl

Q

h+bk+C, =0
x=X+h 3 y=Y+k : el &)
dx=dX , dy=dY s ol
Py (15) Abualill Aslaall & Gy saally

(ah+bk+C +ax+by)x+(a,h+bk+c,+a,x+b,y)dy=0

(2} o

(a, X +b,Y)dx +(a,X +b,Y)dY =0 dia g
dY dg
"'_l9+X"'_ : K = P, < -L\
dX d)( ‘;‘“—J-AM) 3.X ua.}yul

(a, X +b,90)dX +(a, X +b,93X)(IdX + Xd3) = o
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[(@, +5,9)+(a, +b,9)I)X +(a, +b,H) XdI =0 4

aX a, +b,9

X a +(b +a,)3+b,8

sy 9, X O lae o doaad AalSally ¢ o paiall Jumd 3 5
v, X e dolae e Jiani 9 = 5 /x
=7= Jba
¢ Al bl Asteddl Ja
,_x+y-1
x-y+5

_c{;izx+y-—l

dx x-y+5

. ilaie Cad 5y geal) odes Al o3

X=y+5=0 , x+y-1=o0: Sl ‘pedind ali

(<2,3) (b abl@l Ly pjlgie e Gpefinall of Bad

x=X-2, y=Y+3 : Ja Jeaal araiin ol e
de=dX | dy=dY

Ll

dy _(X-2)+(Y+3)-1 _X+Y
dx (X -2)—(Y+3)+5 X-Y

4diag ¥V = 9X ua.ly_\.“.ﬁu.:}a_\n“dms Yy 4 '\ASAUM\AJ‘\.‘J\A.AM)Q_’

2
a4 Xiig-X+l9X 1+ 9 Xﬂ!i_1+.9

- =
ax X-8x 1-9 dx 1-9
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1

X

2tan” %:lnX2(1+

dX:‘“‘%d@:[ L9 s
1+ 9 1+9° 1+8

InX + 4, = tan™" 8~ In(1 +9%) R
InX*(1+9*)+4,=2tan"' 9 P
D aas 9:{(— o8 warsally s

Y2
X2

)+ A4, =In(X*>+Y?)+ 4,

pani x,y ANy PX e pagsaill 2

2tan"(y—_—§)—ln[y2 +x> =6y +4x+13]=4
X+

: AgiN alal

ax+by+c =o Olasiiunall (1S 1)

a,x+by+c, =0

N 138 e ab, —ab, =0 sl by )i

a,x+ by = lax+by)

P e dasi I=ax+by Jdissill Jlasinly g

d9]d9 W
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dy l[d& a]— ax+by+c  8+¢
b, il -

dx dx ax+by+c, {(9+c,
gﬁ—q:bl 3+C, :)é’i: K+M
dx L9+c, dx £9+c,

£8+c,

i

ac, +bc, +9(4a, + b)) e

-8— s
Al Adialad) Asled) Ja s
(x+2y+3)dx ~-(3x+6y+T)dy =0

2 Jadl
(x+2y+3)dx —(B3x+6y+7)dy =0 Ll
M5 3x+6y+7=0 , x+2y+3=0 (e Qic_..'alj

. et

,9:x+2y:>i'?.—_—.]+2.41:>@=_1_ _d_lg_l

dx d« dx 2| dx
§Z= X+2y+3 :l(fiﬁ_l)z 3+3
dx 3(x+2y)+7 2 dx 38+7

Pomosiall duab e deass s il

39+7 49 = dx

58+13

3.4
5 2558+13

)d9 = dx
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33~iln(59+13)=x+A,
57 25

158 -4In(59 +13)=25x + 4, J
PAaai I=x+2y (e paygailly

slhdl a5 S5x-15y+2In(5x+10y+B)= 4

t B ygall o calaa—2
yM (xy)dx + xN(xy)dy = o

F=xp disadl Dl (e oo psiiall Juad oSy
=9 b
: aglialdill Abolaall Ja
y(xy-Ddx +x(1+xy)dy =0

dy_xf’f—S

xy=8= ~—'2:>
Y X dx x?

Dok eail) addiu

a9 _
2(9—1)+x(1+9)[x"", 8}=0
X X
.9(.9—1)—9(,9+1)+x(3+1)%x'2=o
(+)a9=2a
9 X

b JelSil el salis o il Jeai o5 wllhy
F+Ing=2Inx-In4

x’ = A%® = x= Aye” dia g
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s Al yse-3
o i 523 Apulio Ciliiay gty Sy Ll 2 (531 [ gia Al
S ilimg gal 030 Jid el 53018 lia Connly . eaill 3L 5 gum
S i€y o liall (g gl g Al Aalall iyl L] Alslas
o el iy Jr ¢ Al s (Y (5330 pmignd (gl Gali ¢ iy gas
»tualiadl g gail) (Y J s sl didad 5 jlea

-10— N
;3 lealish Alted) Ja
Y +303x+y)Y =0

: Jad
b M Gy adl alasialy bl 038 a5
$=3x+y
dy _d9
& o

: $lanall laall & ay gaily
1

&2 34390 =0 ——d9=3dr
dx _g
tanh™ 9 =3x+¢,

L+l a2 e
2 1-9 I-1

Py,x ANy 9 aie ey eeilly
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& P

bl il Juad Ay o pladiody ANGY Adalisl c¥Med Ja -1

) (l-xz)%+xy=o
dy
dx
(i) %=4—y L (1)) =1, @°)¥0)=5

(i) (*+D=+y*+1=0 , y0)=1

(iv) x(3* =D+ y(x? +1)9i=o
dx
(v) e*Vdx+e™Mdy=o0

Dy =G paygadl) alasial AN Lol cysed) ga -TT

(i) ay _ 2xsinh(y/x) + 3y cosh(y/x)

dx 3x.cosh(y/x)
.o 2 2
(i) &_ry-x
dx 2xy

(iil) y?+(x? +xy>§{-=o

(iv)  ylde+(x*~xp)dy=o

(V) (&% +y>)(xdx + ydy) - L(xdx—pdx)=o
X

(Andalll BYY Alasinly)
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Al Abaldsl ayalaall Ja -TTT
& _x+y-l
dx x-y+5
(x+2y+3)dx-(Bx+6y+7)dy=o0
(6x-2y-3dx—-(2x+2y-Ddy=o0
(2x+3y+1Ddx+(10x+15y+4)dy =0
(10x -4y +12)dx - (x+5y+3)dy =0

;A Alalisl) el Ja —IV

y(3x2y? = 6xy + S)dx + x(2x*y* = 3xy)dy =0

x2y dx +5x’ ydy + 6 ydx = 0

YA -xy +x*y)dx + x(x* yH)dxe + x(x*y’ +xp)dy =0
(1+2xy-x*y)dx +2x*dy =0 (Y — wpal)
(1 + xy sin(xy))dx + x* sin(xy)dy = o (y — nal)

;A0 ALl cNdad) Ja -V

BTV ey )

» dx  xy(l-x)
x?y'? —6xyp'+5y —4x’y=o0 (Letlad A o day) aa)
xpy'-2y* -4x* =0 (Lemlas A Slad e
(' -2y) =X’ 2xy' +y) (Lmailad A 50 Slayd n)
x2y'? —2xyy'+y’ —4x’y=0 (Leilad 2a o Ay any)
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tadgelaall i phadll g8y AN Ak cld) Gl -VI
) F(x,y,%)=o JSAN e Aolae JS
35 Alalaald Alblaadl S Ay Ay — Yy IS5 Ax — x IS Lead Wlaid 1)
n Al e dadlade cend g Y galall ddiadia
:‘,),DMS\
pagdall o plasll Aladnily Ay laill s2a ca p-1
(VA) Ay —my oo Ax — x Qc(l)z\hl.uliqéuh,c -
A=1/x Gl 1Y Adlead mpnal S~

2 J $=y[x" o sajh—
o —x9 408 e (2) sy
X

sl a.ﬁhgﬁmu\c_pdq‘,\s—.}
P JSAN e leda oyl priall Juail AL Alsles L il —a

x = AG(9)
s ani Ll ol J e sa il
x=AG(L)
X

n héuydél"yqyjﬂx_gxuaﬁ(l)ﬁawid;!:&a)&
Poaoti @ Ao A e dolaall eual sy
I=y/x"
Y =nx""8+x"93 , y=%" D oS
Al Auloaliall Al Ja : (aakss
xyy' =2y* +4x* =0
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Exact First Order Differential Equations




1 | B WP |
mmd 98| o k| o Gty | emtelp | ¥ bt |
Exact First Order_ Differential Equations
Definitions ‘ iyt 1 JX1
e e o8 (@A A5 5 e Ay £ Cua U = f(x, ) Al o8 =
cCua dU s U Al 0 Jualilh b J s x e

du = égdx.;._a__lj_dy
Ox oy

b ok plad 38 a0 sl b aly N Sl iyl g

80U 02U

dx3y  Oydx

dla S 1Y B Jualis il M (x, y)dx + N(x, p)dy @ Jaiall e Jsii —w
i9h (M Lebialis of s U e s

dU = M(x, y)dx+ N(x, y)dy
v :Jlﬁdxwdjgd}igﬂgj

M(x,y)dx + N(x,y)dy

P Cuny Ay Hlia calS 1Y B Jualis iy

oU ou
5; = M(x.y), —éy— = N(x.y)
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A laladll e wih Lals Sl s M(x, y)dx + N(x, y)dy Jsiad S 13 —¢

@

@)

QU oM U 9N

D Alalal
M(x,y)dx + N(x,y)dy =0
Al Aglalis Aslaay

=1 dg > 2 JTI

p aglalall alatasl o<il
M(x,y)dx+ N(x,y)dy = 0

: g A5 Aslaall o388 SN 5 o U da il

oM _oN
oy Ox
:da pdd) o g3 -1
35 (1) Qdladl 1
oM ON .
—_— = — s P et (] |
> o O Gl - athl

f okl ol Al Agliatisll dlslaall o Lay 2l

M(x,y)dx+ N(x, y)dy

s sy U alls e gl L o Jualis 8

oyox Oy

b

Ox0y T
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M _av

P dia
oy Ox ?
OM _ON 4 sy gia3 (1) iuloolitl Alsted) : Lym
oy Ox
LAl Al ol gl ol
oM )
oM ON . .
= :.‘ ‘;u\
5 o O sy il e (s () cany

il oa o Gamg 4l im 1 g LA Al 4 (1) Aldadl o (e o g
08 Cuny U Jie Ay Sia 22 s

Aaf b A gall 81y 0 Y cpda al Gis3 U Jie 3y dladd oSy A seany
Ging 530 U Slayly 1555 ) Jad ey -l Y1 e sl (Bins Ay
dastl Ging oW U oS4 sl - cpdapll aalf

oU _
Ox

Pani BBy el g X (o Ay ALl
) U = [Mox+¢(y)

hidy (W00 g ol Bty Usbe) Wl Ly oSl . JaSH il 6 ua
X b A
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Pl I dapal (38a5 o Cand g slladll DA o30S 1Y Adal) b

%(yl= N=%[J.M6x+¢(y)]
o¢ _d¢ ,
P s
@) Zy¢ N———jMax RPN

Al L e Uil by 9““;5 iy i g o s

g x _yaiall
o
oN &
R
w a{ jde} 5
ox Oy | Ox

Sty el pa x iall dpually U DS ey il Jas e Sy
by A A D) AS S oY il Y pe x _pstiall Al U e ABGSH
sl e

(3) B,
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1085 (3) (o ey Leimsaiy () o S Ly U

‘—’LN——a-jMax
dy oy

taady piall dnadlly LIS ALISAL
oM
¢(y) = J{N- ———6x]dy
e
P U A g gailly
oM |
U= [Mox= || N- [—ox|ay
froc- - iy
diay . Aleal o3l Ja 8 U=4 My dU =0 6 4l sledll of Loy
5) [mox + I{N— Ia—jw—ax}dy=A : 5n Alalaall Alall Jallé
oy
- ;‘_‘] -h'a, :l ..

gl A3yl s Ay Ayl la g Ak o 8 Allaall Qlall Ja slagy -1
O3-S Capny COLLE Ao gana () WL 5 Aloalisl Aokedd) Lidal 1 @iy iaiy
Laie (Lali Slalif Lyia e gann JS Jani Cusms of) Ll Salis e pana S
Blasall Aslaall pladl Jall 3 4alil O alitll de pane AlalSay
s aglalall Aol e 13 -2
M(x,y)dx + N(x,y)dy =0
ol

B S S R PO T
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6M¢8N 1< 1 Ll
——— — M )

oy Pw Jb
AL G kil Jad Y Al e Alalealld

-1- JL
J \EYPOR I RO

(6) (4x -3y~ ysinx)dx + (cos x — 3x —sin y)dy =0

caladl QJ:.A;QQAJI\.AB@;AEUJ\M@

t e
toda Lidla@

M(x,y)=4x-3y-ysinx

N(x,y)=cosx—3x—siny

Qy—z—ii—sinx, 21!=—sin—3
Ox
e 2SL ) lda Sy g At SUanall Alalaal Oh_,-.;,.m%‘-y”-:%]z b 4k g
x

Ak
1 44,

D3 geal o LS oSa , Al slanall Astadl (58

dU (x, y) = %%dx + agly’-dy = M(x,y)dx + N(x,y)dy = 0
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N .:%(—]—=M(x,y)=4x—3y-—ysinx
x

v

(8) = N(x,y)=cosx-3x—siny

ol duani X () dpmilly U a (7) Wiy
9) U(x,y)=2x> =3yx+ ycosx + d(y)

fole eanily (I Al U (9) (ol Jualis ¢ AN slay

a—U-=—3x+cosx+f]£§=N(x,y)=cosx—3x—siny

dy
d .
—Q=—Slny=>¢(y)=cosy P oY
dy

I:L_‘lh:‘,
U(x,y)=2x> =3yx+ ycosx+cos y
i 9 slasall Al A Lalil Aalaall Jab UL
(10) 2x* =3yx+ ycosx+cosy = A

sl BB A G

tele Juani (8) Sy ol y 5 x Jas oS5 Ailudl &l ghall (i g\ (S
(11) U(x,y)=ycosx—3xy+cosy+w(x)
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P Al Aalaall 238 Juzalis

—aﬂ-— sinx -3 +ial
ox Y Y dx

M(x,y)=4x-3y - ysinx

%Z)—=4x o
w(x) =2x’ Aia g
U(x,y)=ycosx—3xy+cosy+2x’ = A ol

el Ulay oA il i g

e tmy X (ol Al U M(x,y) JASS mise Uiy DA o duass
rofatll Cibaladll gl &y G Asails Wia N(x,y) JalSS

U(x,y)=2x*-3yx+ ycosx + ¢(»)

U(x,y)=ycosx—-3xy+cosy+w(x)
2 o )
#(y)=cosy w(x) = 2x°
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: AN Ak )
idle (5) Akl Jaid,

oM
Ux,y)= J.M(x,y)dx+ J[N'- J.E Gx}dy
2 : 0 ho2
=(2x" =3yx+ ycosx)+ I{cosx—i%x—smy—a@x -3yx+ycosx)]dy

=(2x* =3yx + ycosx) + I[cosx—3x—siny+32—cosx)}1y
=2x> —3yx+ ycosx+ j—sinydy= 2x* —3yx+ ycosx +cos y
idall e duaad A Culls 4y gl (o3 g Bl il i 54

: dagl )l 44y \dal)
;A sac il
JolSs (JalS il Y Caini Bl y il X ) el M(x,p) JelSs
Gl g gaaall gl &y (JAily x o gsini Y A N(x,y) s
e Juanil 5 sl

J'(4x—3y—ysinx)6x+ f— sin ydy = A
Pl 06K

cdall peis say 2x° =3xy+ ycosx+cosy = A
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: dasadldd] 4k b
:L.\SSL@L&SA;JSQ)SA&JJLMS\ Jgda L )i
D5 gmall o Ll € slanall Ailadlls
4xdx — 3(ydx + xdy) — (ysin xdx — cosdy) - sin ydy = o

d(2x*)-3d(xy)+d(ycos x)+d(cos y) =0 o
rof and A&l g o5 Jualis g Y1 22 JS

2x? —3xy+ ycosx+cosy = A
o dadh Aapday Jall uis ga
s o eV finy ¥ g anl Laany a5 030 Jall ik b diiall
S e AU o sy S (3ol 03 Uidjun oy Al e sty Laga sl
Al Akl o 3okl 3 e gl of ol gy sl

Integrating Factor ot Yt 3111

t ey a3
P Al JIsY A5 el e Agdualisl Alalaall 0585 Glall caled
(12) M(x,y)dx + N(x,y)dy = o

oM ON

— ¢ JES—

oy Ox

A lalis A Tolea ) Al e Aokaall 038 Jygat oSay cVUSD mny b oS

SrepaSl Jalray —and  p(x, y) 4ailia a s ﬁ ipuall @ik e 44l
- (Integrating Factor)

rof o Al e Alialis Aoles
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i (12) dd A e Absli) Ableall JoeS Jale 4 p(x, ) oS 1Y
) Al

(13) p(x, y)M(xa y)dx + p(xa y)N(xa J’)dy -0
9

14
(14) &

(oM) =2 (pN)
Ox

da of Al el ey AL 5 il e glaa plasiuls (12) Aslaadl Ja (Says
(12) Al e ddoatal Abledl Ja Load 5o (13) aabl bl

=2- Jlia
sl Alalal alsteall sl oKl

(15) ydx —xdy = o

el L gas Aald Cand Alsladl 038

P ales Ll
d y ydx — xdy 1
— ()= ———~——=——(ydx — xdy
) e = )
-——y—dx+ldy
T2 x

A lolee Y Jpam ledlh - L Jeladl 4 (15) (ks e 4 (g i dlld diag
X .
;A dlealss

1
(16) -Laxr—dy=o0

X X
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.91 s
ay(xz) ax(x) LI

y:Ax “5‘ y/x:A ejajh_yh:l.bu‘ FRYY da;

A(15) slaall JpaSal Jale g2 (—i,) o A s
2

d[Ln(-xy—)] - y}x xdy — G o ol dllis
1
= ——(ydx — xdy)
xy

. (2 1 -
CAblaall S Jale 098 of Lad mleay (- xy_) i &l e

- Jlad dnghy Ol i phy y = Ax ol 1Y/ = a8 lglay
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: Jead)
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w(x,xz,x3)= 1 2x 3x?*|=2x°
0 2 6x
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—e
-2x x
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x<x < B el Jadl Je oidime g(x) , p(x) il ey
(5) Aboataall Asladll ds y,,y, Gl il 1
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SN e S Weda g Jaaill AL Y A5 ) (e Aulialis Aalas sda g
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oVay [pdc =00 13 Y] 1o paen ¥ I S o e
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e W, 20 N C, %0 dalag iy sl el g C,y,C,,Cp Cus
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- W ||

148



_§-L !..
< x < B gaibala dlae o e g (x ), p(x) gatad s 3
(5) Apluahiall Alokeell Jola BaoB 2 g5 Adlé (3]
Lly]=»"+pG)y' +q(x)y = 0
€< x < B Jaull Jds

= Ola )
ald Al aal @ 5 Ay ki e plyy oo x < B Jladl (e ddaits C oSl
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- (5) Alalal dladdl Jgla s2eld o2 {y,’yz} o ) (4) b

- hakd) bl y¥ig INGLYY 4 vii
Linear dependance and linear Independane.

O—e bme on Agll 4Gl (pe Lhaall Adialinl Asbeall slall Jal 4dl 5 S8
Al o p—duall e Calisy Glall Cpda Sl ) Cua Gl (dad dglas 380
- ol Agdasll Ayl 5 S8 apanay
: AUl Adadl) AN e
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Al e 2l (5 i AR 238 o sl 5 Lagipas oy o jlsal (a0
O—Sayd—ild A% 0 Wall Lo (g i Dl o2t f 22513 WB=0,4=0
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(' linear Dependane ) Lhas Uals i s o) sl oda 4 Jlos «c x < g
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: dale Alla

=t aaaliall 138 aani )Y
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—12— Jiu
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< x < B Imal bl gha (i wee L an 5 dpll A el (e dlalisl
La<x < B e inall ge cibisy w(y,, y,) ol
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Ax)’l(xo)"' Byz(xo)=0 |

Ay, (x,)+ By (x,) =0

cgoisall dall e s Al A B il dually
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diadll b ox o8 IS dad g p(x) =0 ol G illy aal gl 4y 5k e eliyy
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Ol ilalaall dGaall jiall e GaBA3 (B S A) B, A & dal e 0
lasx S Jal e w(y,,p,)=0 08 of Lad cal gl ey p DU (s i
Jaii 1Y) 913 Lohd ol e Al &g all (e dudialitll Aobedl S (0S5
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- dalnd dulila] Aalat Ayl gl S_vii
Ja o 13 ad 200 A5l e Apkaad) Agdualishh cVoleall (al i aal s
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Do iYL,

y = 8(x)y, (x)+ 8'(x )y, (x)

= 86, )+ 28y, )+ 9"Gn (2)

154
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x 1-x?

)dx+B dia g
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—le Vel s3a <5 g AN Cdlabaall b Jala o gandl Ay A0
%) aall
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Liliadl x (g b cDlalae (5 g (f ciny X oo ppend Aiaiall o34 (Biai Jia
24=0, -64=0, -44=4 —: f o dslaall i ,ll Lo
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1558 Aududia 3 gum o x =%, Apolall Al Jga Mo a1

y= Zan('x—xo)n
n=0
Y%y e dsanll i e faa faa g gill Aaludia Julis 2
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(-1)* . e
a, =dy,, =ma' k=123,..... B n=2k+1 S lasas
t 5y geall Auduiiall .\;L‘;lt\]hj
y—ao+a,x———x2~ﬂx3+g'-’—x4+ﬁ+ .......... D ax” + g, ™
3 4 3 @n)! (2n+1)!
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.......... a, sy s gllya, G g
.......... ag Omdyen s gMya; sy a,

rof ansd 4y sl

ao a3 ao a6 ao
03 = A a6 = ———— s Qg = = gescavseces
3.2 6.5 (6.5)3.2) (9.8) (9.8)(6.5)(3.2)
Cua n=,123,....... ,y, ABDle LS Koy Juadl (e
a, = 1 a n=123
o Br)En-DIGBr-3)3n-4)...[6.532] © T T
LB b n=25811,.... b a,,0,,a,,a,05e0nn... ¢ O Llaall dgailly
b ol sl 4y ) sl
a, a, a, a, a,
a=—— , 4 =——=—10H—"— | Q= = yreees
4.3 7.6 (7.6)(4.3) 10.9  (10.9)(7.6)(4.3)
o aaig
a, ., = ! a n=123
T Br+1)03n)[Br-2)3n-3)]....[76J43] T T T

ZSJ_)AA.“ w((ﬁ_)ju.\la.c) ZeLaU:’:ll :\JAL«:.JJ;U_,S;U

279



3 x6 x3n
y=a, [1 + =t ... + +o
| 6.53.2 (3n)(3n ~1).......3.2
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A il Wl Ja Laad o84
(4) Y'+P(x)y'=Q0(x)y=0

Wxg)=a Y'(x)=b

dlall Jall o Juaid (5 il Alududia Gy iy x = x, dsladl il Jga

H 3_)}‘“ UA

y=ayy,(x)+a,y,(x)
Aol Dl AN a,a, o bEaY) Gall Cuel Al Jsal (e g &
.a,b

ol L guas a1 (mny b Jauad (555 38 (5l 0y yhay Jadl oSy ad e
il atiall Jusal il Ay jhay 5 a1 A5 Jall o3a ety . YT DLl
“ 1k Lad L 3a 58 (Successive Differentiation)
o5 Alulia Ba e Jall g oSy 0F dpdle s x = x, ki) J Loy

5 geall e (558 Alulida b 5)
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e Juanid y"(x,) W ) Jigal Ga (g yma p'(x,) 5 H(x) S
5 ygall o L€ aey slasall Aaladll (e
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x=x, de yas SR WA e duasil 5 a0 5 Jualis
s ol
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i I JOdl gy = x, e el ClBA e Jpuand) (Se; 1
D iy lall
-19-

sagdy.x=1 il Jyn 598 Al sha o 0 L0 o Alis Ja
s dadt 1 ol Cal
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T
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il Gl Gl aly L X =1 568 Allida sl e Jall (e dle dais
13 P(x)=c0 f gresial gy X = 1 Lplall ddaiill 53 jiia Aai ol 3 g oyl
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a & d_d
dc’ dt* T de dt

ol Jall 38 Aked Jy5is
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1558 Aluludia 3 gua o Jall it Y Al oY @AY S
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n=1 : a, —ga,
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Y& =afl- =17 +x=1) = (x =1+ ) = 4, L .
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(n)
»(x) = Z—y—n,i)(x ~1y

Jeanid y® (1) AN W . M =2, yA)=1 il Jsal oe i
V4

vy =1 S sl Asleddl (B Aol D gal e pasas 1 L LS Lggle

L ym=2
T
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T
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UL PO DUIIPIC R DI B
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rA AN
le—la oSy y @6&,«1‘ el e Aphad Adlaa oo Jall 48 Llalish dslaal
! e Juandd 5aliadll (3 il

y(x)=A+Btan"' (x-1)

iAol Jlsal cand euas all
4.
y(x)=1+—tan "' (x-1)
(4
osli e Sie gl x=1 Jsa tan”'(x—1) Wl ks o Sha of g ey
: . t=0 Je tan™' ¢t WA
tan” =t =1t ot =2t o, i <1
3 5 7
riladiall e lasll Abalidl) Uslaall Jaal Al 3 il ja i (Say g -5

y'+ P(x)y" + Q(x)y = R(x) )

2 4
JS o x=x, Wil yie Alad Jiga . R(E) ¢ O(x) ¢ P(x) Jisll il 13
3¢ X=X, sie Lliat 06S (1) duilaiall pe dghall Alialial dalaall Ja

i geall o (x-x,) A s Uuduiiag alia Ul oSy
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A aii ol x = x Agalall Akl (G Adlsall (g gy R, >0 i b Caay
A e R(x) , Q) , P(x) Jsl e sl laxie ()9S5 ke

AN g Jagay el poe ailapial) Alblaal) Jag Ailaiall il ghaill i g
Blaline & (x=x,) b o8 Auluiasba o gaM) Gl 4 R(x) Aliadd
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POl . X ad pead Gl (o 8 Aluluie sha
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i sl Juani SUaaall Aalaall 8 Gy pailly

Z n(n—-1a,x"? - xz na,x"" = Z (—’:!)n x"

D> n(n-Da,x"? - na,x" =Z(-’:')nx” 4

Cx=0 Jea yslo Aludidiay 7 Allal Whe Wl daady,
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P elaS dall o8y

=ay+ax+—x’ +(Z - +=xt + (- —)xt + ...
e R O AT
= a0+al|:x+—x3+—1—x5+... +——x2——-x3+lx4—-x5+
40 2 8" 73

Lals M Jiai 581 ALl Leiy Gaitaiall Jall 58 {2} Cypunsh o kel

! mAlain 33yt Al it (st e o bislislt (o Jmrd| 3 TX
Solutions in Frobenius series about a Regular Singular Point

J o Ausilaiall At Aboalith Aslaall M (5 i) Abudiie el Y

Juaidl Jsm Aolaadl o3a Aluludiall 038 (38a3 ¥ Sy Aeliiiall 33 jiiall Lok (gaa)

Jpaed g Al uduia slga o Jall dlay o Uiad 0 g ¢ Laidll 038

S UL D= U NN E FNPY RYRPE RN W FPRF- E TN

A dandl (5 il ALl iy g Aaliiiall 3l Akl ga Aglialinll Aaleall
- (Frobenius Series) nsu s b aluluy

_;_ "l !0:
:dgdasdl dlialinll Alabeall dadiiie 33 yite ddads x = x;, uilS 1Y)

9) Lly)=y"+ P(x)y' +Q(x)y =0
t Aol o3 (pagrin g b Abidiiie 3y g o 2aly Ja S o s g alli

(10) ¥(x)= (x—xo)“‘Za,,(x—x,,)"
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O<|x—=x,| <R, Jadl e i liie ¥ a,(x~x,)" of Cua
DOk all
P Omad p 3ty 48 4 kil sy
(10) 55300l 5a Ma (9) Aslaall (55 Lelal (3a A o6 o -1
a, <Dllaadl ) Sl dagal) -2
Zan(x—xo)" bl s caay -3
iw&.&;é\bj,x:x‘,:() HE.\MMJ!LEUM@}M
¢ el el a1 Aglany Ll ) glaall Jini 30 _jdiall ddadill clBlasy)

X =x-x, (i)

X =0 52 aiall adaiill o) Sid
olllall o3 L A adsiie 5o il A dady X = 0 Uall Wyl G il e

(35— (lulutia) Lagliias (Say Moy x =0 xie Glda3 x’Q(x) , xP(x)
Pl e

@)=Y p,x" , x*Q(x)=) q,x" (i)

il e sraal R CSHy L L e ol sl glilubuaadl ot
:M‘y')&aﬂa\&«ﬂo‘u@)ﬂ

y(x)=x"~ Za,,x" (iii)

.dda, ., a,,a ,%,a, 20 Cus
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P ASAl e dall iy (Sa

y = i anxn+oc
n=0
Paad iYL,
y:=z(n+ (x)anxnw:—l

"= (n+ ) (n+ oc ~a, x"3
y n

L[ y] = Z(n+ o)+ oc —Da x" 7 + x"‘[z p”x”IZ(n+ oc)anx"+°°'2]

+x'2[2q,,x"12anx"+°‘]=0
e Jumn Al X (g8 3p0n gaant b DLl Gjein ilee sl

[OC (c =D+ p, +4, ]aox«-z
+ i {(n+ o)(n+ < —-1)a, + i[(oc +m)p, . +4,.. B, }xn-o-oc_z ~0 (iv)

n=| m=0
: Ol a5 Jllyy x 3 ddlisal (g gill CiDlalaa p3n Latic (i o3

[oc (e ~1)+ o py, + g, Ja, =0 (v)

(n+ OC)(rH“ o —1)0" = —Z":[(x +m)pn—m t9nm }lm (Vi)

m=0
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;e (V) A 03 . Liah @y %0 of Cuny
P
< (¢ =1)+oc py+g, =0 (vii)
oc? ~(1~ py) < +g, =0

Ailalill 3 lalaall (Indicial Equation) da—u¥! dslaally A0all 0da (cani g
o Al o3¢) Lagac g ¢ oc 1 & 2l dn 3l e iDle a5 Slandl
QX)) 5 P(x) ol patlas ANy @l gy, 0y A3 Lagiseed oSy oy,
o, 2, gl o, s SV ) j3adl o Ll finiug

b Al Ay ) S dagall  daxtd (Vid) AN U

[(3+ <X+ o =1) + (n+ ), + ¢, ], + Za [ +m)p,_ + 4,0 ]=0
; n21 (viii)
t 5y gall o 4l (Say g, Jalea o (58 Apall 034 Japuiily
(n+ <)+ < =1)+ (n+ <)p, + g, =nfn+2 < ~(1- B)]
tliad Al Aaladll (o Luyaly Al Aabeall L) cpay 330 @l
o<, +x,=1-p,

nn+20c—oc, —cc,) DS e Sy g, Jelaa )
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n-1
rn+20c—~oc, —oc,)a, + Zam [(oc +m)p,,_m + q,,_,,,] =0 (viii)

m=0

sall o adl oo Jy oo, JS aadad Al G5 Jal) clalaa e Jganlly

;4 S
n-1
n(n+ Xy =Xy )an + zam [(Ocl +m)pn—m + 9p-m ]= 0 (iX)
m=0
OCI—OC2=5 (X)&nb},u
31 Jall Ay Sl Al e
n-1
n(n+8)a, +3 a, [, +m)p, , +4,.,]=0 (xi)
m=0

,a,a; COldaall G dghad WD a5
¥ Jall A liia o Jeasd g siall dall (F gl & ¢ g, AN
g e Ll Y1 oAl LAy line calS 13 V) el B Y Aluliall o38 oS
<R, dal e gl e g, PG| Al of e
ag e ded K oS Jladdl 138 8 525000 A (ludididl) cyila (e JSI (6
P rSR, G xf<r Jadd) (B ofadl ol e sl

s oilubaad 2l
XP(x)=p, + p,x+ Pyx’ + o -
2 2 (xii)
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Ipnisr_,. , |qn'5;: ;s

12 (Xii1) ADLlly Gy gatll 9 4y ) ,SE dapall 3 gaad dillaall pal _,;LJ

K

n(n+6)a,|< "Z_i|am (o<, +m +1) (xiv)
m=0

r

DA (3iad b, LgDlelee dluluda Laf 13,

n-1
n(n+8)b, =Y b, (x, +m+1) Ifm

n
m=0 r

(xv)

P oSSy
b, 2|a,,|

P b” iy DA u%_)‘_)ﬂ\m* ‘C_\:\;
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b, _ (n—l)(n—1+5)+K(n+°Cl)

b, n(n+o6)r n(n+6)r
o
. b, 1 .
lim —*- =~ (xvi)
n—rw r .

lya S Aluludall colis b s of (g
S=anx"

N Y SRR

il Ll i il y L 3y ik D a,x" duidl Y |a,| < b, o Ly

Sl e &y liie Aluduidll 3 R, s gt o ial a1 o gy 1 e il

Slsaadl Alaall o (gaa] Lye 8 S5 gy [ < R,

yi(x)=x™ Zan("cl )x" (xvii)

to Ja oo, JS Al Sl dapall A pagas A Jall e U
n-1

n(n-38)a, + Y.a,lm+oc,)p,p +q,n]=0 (xviii)
m=0

& Os—S AS5 maaa e e § (S (LW Aty CVLa SO Spai Liny
Clagiae § oS R lagaaa (e

toc, —oc,= & # Positive Integer pumua s 332 § 1M Uay

o ol Lssmia 13a o (g5l Y dagy Y1 Alslaal |30 alisy ¢ Allall o3a 4

¢, —oc, =4 # Positive Integer
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Gl Al litie o ai e Jall dluludia oo, ¥ 3l kil Allall oda
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¥, (x)=x a,(c,)x" (xix)

O @Sar ¥ g il oY p(x) Jad e Llad Sl p, (x) ol of el
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JSAN 13 e B Ja e Yy bl y=xT D a,x"

Ppy e pala Ja b jme ey sl 3550 aianl ol SB1 Jal) 28 el
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n=0

(b LS A b it el gy
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¢ Abalill Asleall ppad
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dx Y dx

e-jp(x)dx
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oa Ablaall Wl Jallé Sl
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e
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2
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xel-l—a.e‘I(Pl“'sz*' --------- )ex
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x2 [Za (oc, )x” ]2

:cﬁd'\‘,.\n‘\.‘ﬁﬁ\_)m"b
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Sy Y, oM Inx lelalSty 1 gp n=0laic g, cllales of LilasY 13
X

: JSA Jde
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(iv) AUl Y sl 5 gmis

Lb)]: [oc (c-D+oxp, +q, ]aox“'2 +

5 ior dos -, + Sl sm s+ 4o = <0

n=1 m=0

o o5 B ghunall ] hally x5 G Jalaa 3l sbue i () 1oa
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